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LECTURE I

NEUTRINO ASTROPHYSICS, I N 66 21‘.327

INTRODUCTION
This lecture and the followlng lecture deal with the new scientific

discipline, neutrino astrophysics. The designation, neutrino astrophysics,

is used rather than neutrino astronomy since the practitioners in the field

so far are mainly physicists and not astronomers. Although neutrino astro-
physics is a relatively new field, large funds have already been spent on

experiments and preparations for observations and much thought has been given

to theory but few positive effects have been observed to date. In a sense 1t

might be said that the whole business is "much ado about nothing".
The two lectures will cover solar, stellar, galactic and extragalactic
neutrino astrophysics. The genersl theme will be the estimation of the

quantity

€ _ energy emlitted as v or v . (l)

v ~  rest mass-energy of emltting system

This quantity has obvious cosmological implications and on conservative

estimates is ususlly ~—10-h. In certain speculative cases the value is con-
siderably greater. In terms of detection at the earth, one quantity calculated
will be (¢vov), where @ is the expected neutrino flux at the earth and o,
is the neutrino absorption cross section for a given process. This can be
converted into counts per day expected in a detection system involving a stated
mass of detector.

The litersture on the subject of neutrino astrophysics is already gquite
extensive and the reader is especially referred to the excellent series of
articles by Professor J. N. Bahcall (1964 a,b,c,d; 19685), who has made many

theoretical contributions to neutrino astrophysiecs.



SIGNIFICANCE OF NEUTRINO DETECTION
The primary significance observations on neutrinos derives from the
extremely small intereaction cross section of these particles with matter.
This cross section is of the order of lO-uu cm2 per nucleon or electron.

In an object of characteristic dimension R and density p, the number of

nucleons along the neutrino line of passage is ~ lo2h pR and the number of

interactions per neutrino is ~ 10720 cR. For the earth p ~ 10, R ~ 10°

50 that ~ 1051+ nucleons are passed in the passage of a neutrino through the

~ earth but only lo_lo of the incident neutrinos interact. For the sun, the

corresponding numbers are o ~ 1, R ~ loll, lO35 nucleons along the path and

-9 of the neutrinos interact. For the universe, one has p ~ 10-29,

R ~ 1028, lO23 nucleons along the path and 10-21 of the neutrinos interact.

10

Thus neutrinos bear direct information unscathed from the center of the sun
and other stars and from the depths of the universe,

It is paradoxical that, in spite of the low interaction cross sec-
tions, neutrinos can still be detected terrestrially. Consider a flux at
the surface of the earth such as that for the B8 neutrinos to be discussed
in the next section, This flux is of the order of lO7 neutrinos cm-2 sec-l
or lO12 neutrinos cm'-2 day—l. Consider a detector with p ~ 1 and mass
measured in kilotons (~ lO9 grams)., The counting rate will be
~ lO12 X lO-b'LL X lO21+ X lO9 ~ 10 events per day per kiloton, Sophisticated
anticoincidence techniques have reduced background counting rates to a small
fraction of this value and thus enough of the elusive neutrinos which have
emerged from the sun or traversed the universe can be detected with

assurance and compelled to yield the secrets of their birth and the nature

of their birthprlace.




NEUTRINO EMISSION BY THE SUN
Fowler (1958) showed that the maln nuclear processes in the sun are those in the
pp-chain 1listed in Table I. All of the neutrinos indicaeted in Table I are
those associated with electron capture or positron emission and are frequently
designated by Vor Bahcall {1964b) has pointed out that electron capture

8% and Hes(e',ve)TS, will also occur but not

processes, such as BB(e-,ve)Be
with high probability except in the case of Be7 as included in the table. It
can also be shown that the reaction Hes(p,e+ve)Heh, either directly or through
Lih, mist be relstively infrequent. Note that there are two branchings in the
reaction chain but that in any case the overall result is the conversion of
four protons into an alpha-particle plus two positrons and two neutrinos or,
alternatively, the conversion of four protons and one electron into an alpha
particle plus one positron and two neutrinos.

There are three main groups of neutrinos emitted in the pp-chain, namely
v(pp), v(Be7) and V(BB). Their energies and relative probabilities of emission
depend on the results of experiments carried out in nuclear laboratories
throughout the world. As an example, measurements made at the California
Institute of Technology by Parker and Kavanagh (1963) on the cross section
for the production of Be7 in the reaction Hes(a,y)Be7 are shown in Figure 1.

Measurements of the type illustrated in Filgure 1 are employed to determine

the cross section factors S(E) in the equation

=1
g = %E)- exp [- 31.29 2.2, A% E ’5] barns (2)

vhere E 1is the center of momentum reaction energy in KeV, A = AOAl/(Ao4-Al)
is the reduced mass in atomic mass units (012 = 12) and S(E) is measured in
KeV-barns. Except in the case of low lying resonances, S(E) is found experi-

mentally to be a slowly varying function of E which can be accurately
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TABLE I

THE PP-CHAIN
D° +et 4 v Be! + e + Li! + v
He3 + Li7 + H1 »> Heh + He
Heh + Hl + Hl OR
Be! + HY +» B 4+
%*
Be7 + 38 > Be8 + e+ + Vv
»*
Be8 > HeLL + He
bp + a + oet + 2v
) . NUCLEAR
OR bp+e =+ a+e + 2v
1 4
YH™ -+ He + 2v ATOMIC
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extrapolated to the effective interaction energies in the sun and other stars.

The effective interaction energy is given by

2

Za T62 )% KeV (3)

_ 2
E, = 1l.220 (z0 z

wvhere Z.Z., are the charges of the interacting nuclel and T, = T/ 106 is

071 6
the temperature in millions of degrees Kelvin. For the reactions of Table I,
Eo is the order of 10 KeV, whereas it is possible to measure S only down to
100 KeV in general. It is necessary to make a considerable extrapolation to
obtain S o = S(Eo) but this can usually be done with great accuracy.
Experimental measurements on the pp-chain reactions are given in Table II.
The quantity f£_ 2 1 1is the electron shielding factor which corrects for the
fact that electron shielding at stellar densities increases the reaction rates
over that measured in the laboratory.

When translated into reaction rates the experimental results in Table II
indicaete that in the sun the reaction HeS(Hes,Qp)Heh occurs about 2/3 of the
time, the reaction I*Ie"”(ct,r)Be7 about 1/3 of the time and the reaction 13e7(p,7)BE3
about 1/2500 of the time, The greatest experimental uncertainties lie in the
rates of the first and the third of these reactions and new measurements are
now in progress.

Measurements of the mass-energy balance in the neutrino reactions of

Table I can be summarized as follows:

Continuum 0< Ev(pp) < 0.42 Mev (Ev(pp)) = 0.25 MeV
Lines E,(Be’) = 0.86 MeV and 0.38 MeV | (1)
Contd muum 0 <E (8°) < 1.1 Mev (E,(8%)) = 7.3 Mev.

In connection with these results it is important to note that the cross section
for the detection of neutrinos varles roughly as the square of the energy above

the threshold energy for the detecting reaction.
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CROSS SECTION IN BARNS
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Fig. 2. Cross section versus proton laboratory energy for the

Clz(p,'y)N13 reaction after Vogl (1963).




effective
The A energy released in the pp-chain is 26.0 MeV with 0.7 MeV or

3 per cent emitted in the form of neutrinos. The total energy emission is
0.7 per cent of the rest mass energies involved and we can assume that about
1/3 of primordial hydrogen has been converted into helium during stellar

evolution. Thus

1 % 0.03 x 0.07

v = 3
(5)
7xm5~1o'u '

4]
!

A similer result is obtained for helium production in the "big bang" of
evolutionary cosmology or for helium production in massive stars early in the
formation of the Galaxy. For additional discussion see the epd of Lecture II.
The CNO bil-cycle reactions also take place in the sun. As examples,
cross section measurements for ct? (p,‘y)N']'3 and Cls(p,‘r)Nlh made by Vogl (1963)
and Seagrave (1951) are shown in Figures 2 and 3. Extrapolations of the
cross-section factors are shown in Figure 4. The experimental results for
the complete CNO bi-cycle are shown in Table III. In the sun the energy
generation is primerily due to the pp-chain as illustrated in Figure S.
Nevertheless the rate of production of v(le) and v(Ols) can be calculated.
Since two neutrinos are emitted in the conversion of hHl > Heh, the total

neutrino flux at the earth can be easily computed from

solar constant

e (total) = 2 x - "
v (Energy from h-Hl + He')
; (6)
. 2% 1.3k x 106 - 6.5 x 100 v cn? sec™d,

26 X 1.6 X 10~

(Abbot and Fowle, 1911) o _ 6
where the solar constant has been taken as 2 cal em = min ~ or 1.34 x 10° ergs

cm 2 sec™ and the energy release per pp-chain as 26.0 MeV or 4.17 x 107° ergs.
The individual fluxes for the various types of neutrinos as calculated by

Bahcall (1964d) are shown in Figure 6.

5
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The cross section factor, S(E), versus proton laboratory
energy for the Cla(p,r)le and Cls(p,y)Nll‘L reactions.
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CENTRAL TEMPERATURE IN 10° DEGREES

Average energy generation throughout a star in ergs per gram-second
as a function of central temperature for the p-p chain and the CNO
cycle., The central density is taken as p = 100 g/cm3, and the
hydrogen concentration by weight as Xz = 0.50. Concentrations of
C, N, and O by weight as given are those for a typical population I
star, The age of the star is taken to be 4.5 x 10® years. The
points of inflection in the p-p chain arise from the onset of the
indicated interactions. Similarly C, N, and O are successively
involved in the CNO cycle. Note that the sun and the cool stars
operate on the p-p chain; hot stars. operate on the CNO cycle.




NEUTRINO FLUXES
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Fig. 6. Predicted neutrino spectrum from the sun after

Bahcall (1965). Fluxes given are evaluated at
the earth's surface. The neutrino lines are
produced by the capture of free electrons; the
small thermal widths (~ 1 keV) of these lines
have been neglected in the figure.




DETECTION OF SOIAR NEUTRINOS
Davis (1955, 1964) of the Brookhaven National Leboratory has developed
a technique for the detection of neutrinos based on a reaction suggested by

Pontecorvo and elaborated upon by Alvarez, namely

+ + !
0137[.1 =3, 1- %] + v _(solar) + Ar37[J =3,r- -g-] +e - 0.8l MeV, (7)

which 1s the reverse of the electron capture reaction which can be observed

terrestrially

5 4 e (arbital) » 1% 4+ v_, (8)

Ar

for which the measured half-life is 35.1 days. The C1°! in the form of

carbon tetrachloride, CCl, or of perchlorethylene, C,CL , is "exposed"” to

neutrinos with appropriate shielding in a deep mine and the rare gas Ar37 is

37

collected by bubbling helium through the CCl, or CCl . The Ar”' is then

frozen out of the helium on to charcoal and is eventually deposited with
carrier argon in a small, low background counter. Counting is made possible

by the Auger electrons and X-rays emitted by the excited 0137 atoms produced

in the Ar>! decay.

Davis has already performed experiments using 1000 to 3000 gallons of
cClu or Czclh under the reactor at Savannah River, Georgie and in a deep mine
at Barberton, Ohio. The reactor emits antineutrinos and Davis has already
shown that the reaction

37

€1°" + v, (reactor) - A 4 e” (9)

hes a cross section o(iz'e) < 0.02 X IO'M cma, whereas cr(ve) = 1.2 X 10

<lh o
would be expected for neutrinos of the same énergr spectrum. Thus he has
shown that '\'r'e and v e B8re not identical as postulated in some early theories

of the weak interaction. (It is, of course, possible to argue that V, and v,



are the right- and left-handed varieties of the same particle and still be
in keeping with experiment if the mass of the neutrino is taken to be very
small and the deviation from completeness of the violation of parity in the
weak interactions is assigned a suitebly small value.)

The cross section for the absorption of neutrinos in 0137 to form the

ground state of Ar-’ is given by

U(ve) = 95 Pe Y <§£%§> ’ (20)

where F = F(uE,Z) 1s the well known Fermi function and p_ and w_ ere the
electron momentum in units m.c and the total electron energy in units mec2
respectively. The cross section oo = 1.9 X 10’“6 cm? can be calculated from
the measured properties of the Ar37 decay. From the energetics of the reac-

tion the outgoing electron energy is given in terms of the inecident neutrino

energy by

E, = W, - 0.511 MeV =W - 0.814 MeV
or e, =E/mc® = w -1= W, = 1.59 (11)
and P, = (v, -1) .

The threshold occurs for E, =0 or W, = 0.81% MeV. Thus the reaction is
only capaeble of detecting the most energetic of the Be7 neutrino lines and
that part of the 8% continum above 0.814h MeV., Because of the phase space

factor, p_w_ , for the emitted electron the reaction is ~ 250 times more

e e’

sensitive to the v(Bs) than to the v(Be7). This makes up in part for a

factor of ~ 500 in the relative fluxes favoring v(Be').
(1964Db)
Recently Bahcalllhas suggested that the analogue state in Ar s correspond-

37

ing to the J = 3/2, T = 3/2 ground state of C1°' should be produced with




relatively high probability in the reaction

+ +
37 3 3 37 3 3 -
c1 [J =5, T= 5] + v, *Ar =3 T = 5] +e - 5,95 MeV , (12)

since this is a super-allowed transition with a large matrix element for the
transition. In this case o ~ 10" cn? but only the B° neutrinos will
produce the Ar37*. This changes the overall cross-section factor for
v(Be)/ v(Be7) t0 ~ 101‘. The threshold energy given above has been determined
by experiments by McNally (1965) at the California Institute of Technology and
elsewhere which isolated the T = 3/2 plate at 5.14 MeV excitation. The energy
level diagram of Ar37 before and after the experiments stimulated by Bahcall's
suggestion is shown in Figure 7.

On the basis of calculations involving the ground state, the analogue

7

state and other known states in Ar>!, Bahcall (1964d) has calculated the

capture rates given in Table IV. The total flux-cross section product is

(go), = (3.6 £2) x 107 sect 17t (13)

and the total expected counts per day in Caclh is

100,000 gal : (5.7  2.3) counts day -
1 (%)

1,000 gal : 0.06 counts day .
Davis has already found an upper imit of < 0.3 counts day™> with the
1000 gallon apparatus set up in a mine at Barberton, Ohio. This is within a
factor of 0.3/0.06 = 5 of significant result. The upper limit is set by back-
ground produced in the reaction c1’ (p ,n)Ar37 by protons produced in turn by
cosmic ray muons which penetrate to the depth of the mine. Davis is now
constructing a 100,000 gallon Neutrino O'bservatory in the Homesteke Mine in

South Dakota. Since this location is at a depth of 4,700 meter-water-equivalent
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he expects a background of < 0.2 counts day'l which is less than the expected
counting rate by a factor of ~ 30.

In his calculations Behcall used stellar model calculations made by Sears
(1964). As pointed out by Fowler (1958) the cross section for the 13e7(p,7)138
reaction is very sensitive to the central temperature, Tc’ of the sun being

glven by

7 14
op’y(Be) ~ Ty . (15)

Thus the Davis apparatus is a very sensitive "solar thermometer" and Bahcall
estimates that a measurement of the B8 neutrino flux accurate to * 50 per cent
will determine the central temperature of the sun to t 10 per cent. The pre-
liminary 1000 gal experiment of Davls puts an upper limit of Tc < 20 X lO6 %k.
The models of Sears (1964) indicate T, ~ 16 X 10® °k on the basis of currently
accepted solar parametexs and measured nuclear reaction rates. Thus neutrino
astrophysics may soon provide us with direct information from the center of

the sun which will serve as a check on current ideas of stellar structure and

stellar energy generation.

ADDITIONAL OBSERVATIONAL TECHNIQUES
1. Reines and Kropp (1964) of the Case Institute of Technology have attempted
to detect solar neutrinos using knock-on electrons produced in neutrino-electron
scattering according to

vete » v+ e (16)

This scattering process has not yet been observed in the laboratory but it is
predicted on the basis of universality in current theories of the weak inter-
actions. The cross section should be of the order of 10-4h cm? for B8 neutrinos.

The advantage of using this reaction for the observation of solar neutrinos




is that it permits the measurement of the neutrino energy and direction in
principle. The secondary electron is projected forward within a cone of 10°
with respect to the primary neutrino; the angle and energy determine the
neutrino energy by kinematics.

A modest experiment was performed by Reines and Kropp which enabled them
to set certain limits and to assess the necessary full-scale effort. The
experiment consisted of looking for unaccompanied counts in a 200-liter liquid

scintillator detector (5 X 1028

target electrons) which was surrounded by a
large Cherenkov anticoincidence detector and located 2000 feet underground in
a salt mine. In a counting time of 4500 hours (~ 200 days) only three events
were observed in the energy range 9 to 15 MeV, unaccompanied by pulses in the
anticoincidence guard. This sets an upper limit on the flux of Bg neutrinos

¢V(Be) <5 x 10° vy a2 gec™t (17)

which is 20 times that expected from the calculations given in Table IV.

Reines and Kropp estimated that a large detector with sensitive volume of
th gallons would yield an expected rate ~ 100 counts yr-l. During the CERN
neutrino conference in January 1965, the possibility of a CERN-Case-Turin
collaboration was discussed. The present laboratory in the Mont Blanc tunnel
under 2000 meters of rock or 5000 meters water equivalent was suggested as a
suitable location. On the basis of a predicted rate of S events per year per
ton of detector it was argued that at least 5 tons of detector would be required.

It was felt that the problem of light collection should be studied in a model.

No approval for this project has yet been obtained as of July 1965.

2. Reines and Woods (1965) have proposed the use of the inverse beta decay
reactions

v, + B o+ ¢y em - 1.98 Mev (18)

10



which is related to

oL sty v, + 0.96 MeV (19)

for which log ft = 3.6 experimentally, and

v+ i’ . Bel +e - 0.86 MeV (20)

which is the inverse of

e” +Be! o Li' + v, +0.86 Mev (21)

for which log ft = 3.3. All energies are computed from nuclear, not
atomic, mass differences. The cross sections for (18) and (20) can be
calculated in terms of the ft-values of the related reactions.

In the suggested experimental arrangement thin, lerge-area slabs
of target material containing Li or B are surrounded on both sides in
layers by organic scintillator detectors. Several tons of Li and tens of
tons of B are required to obtain counting rates of the order of 100 events
per year, The angular correlation of the emitted electrons and incident
neutrinos is not isotropic so the neutrino direction can be measured in
principle., The advantage of this method over neutrino-electron scattering
is that processes (18) and (20) are certain to occur while (16) is based on
theoretical predictions, In the case (16), failure to observe events may mean
that the weak interaction is not universalg The disadvantage 1s that reac-
tions (18) and (20) have energy thresholds as indicated just as in the case

of (7), whereas (16) does not,

3. Reines, Crouch, Jenkins, Kropp, Gurr, Smith, Sellschop, and Meyer (1965)
are searching for high energy neutrinos with apparatus installed 10,492 feet

below the surface in a gold mine in South Africa. The venture is a

L -




collaborative effort of the Case Institute of Technology and the Univer-
sity of Witwatersrand. The idea of the experiment is to detect the
energetic muons produced in neutrino interactions in the rock surrounding
the mine tunnel by means of a large detector array located in the tunnel.
Backgrounds are reduced by the large overburden and by utilizing the fact
that the angular distribution of the unwanted residual muons from the
earth's atmosphere is strongly peaked in the vertical direction at mine
depth.

The detector array consists of two parallel vertical walls made up
of 36 detector elements. The array is grouped into 6 "bays" with 3 ele-
ments, upper, middle, and lower, on each side, Each detector element is a
lucite box containing 380 liters of liquid scintillator viewed at each end
by two 5-inch photomultiplier tubes. Through coincidence counting the array
constitutes a hodoscope which gives a rough measurement of the zenith angle
of a charged particle passing through it, Only muons with zenith angle
> 45° are detected on both sides of the array. In addition, each event is
located along the detector axis by the ratio of the photomultiplier
responses at the two ends of the triggered element.

In 563 bay days of operation corresponding to 14,200 me days sr of
effective detection, a total of 7 events involving coincidences in one
element on each side were recorded. We turn our attention to possible
sources of these events.

The most likely source is the earth's atmosphere in which neutrettos
(vp, ;L) are produced by the decay of pions, kaons, and muons which in turn
originate from collisions between primary cosmic particles with nuclei of the
atmosphere, The angular distribution of the muons produced near the mine

tunnel by neutretto interactions should show a slight peaking in the



horizontal direction to which the coincidence arrangement of the detector
array is most sensitive. This is in contrast as noted above to the angular
distribution of muons coming directly from interactions in the atmosphere.
Reines and his co-workers estimate 3 events from atmospheric neutrettos
during the period of operation in which 7 events were recorded and state
that there are reasons to believe that their estimate may be too low and
that all the events can conceivably be from this source,

High energy, cosmic neutrinos and neutrettos can trigger the detec-
tor array. Bahcall and Frautschi (1964a,b) suggest that neutrinos and
neutrettos may be emitted from supernovae, quasi-stellar objects and exten-
ded radio sources with energy comparable to that of the electrons which
produce the radio noise from these objects.

The efficiency of detection for antineutrinos (;;) from these sources
will be particularly high if a vector boson (W ) serves as an intermediate

stage in the reaction
;;(COsmic) + e (terrestrial rock) - (W ) - Vp +u . (22)

Resonance in this reaction occurs at 4 X 1012 eV if the mass of the

vector boson is 2 X lO9 eV/ce. The u- would be the detected particle in
the mine array.

If the earth is used as a target, Bahéall and Frautschi estimate an
antineutrino-induced counting rate at a depth of 1 km of 100 high-energy
muons per m2 per year from the direction of the Crab Nebula (supernova of
July &, 1054 A.D.). For a young radio source at the distance of Cygnus A,
the counting rates would be 103 times those estimated for the Crab if all
the ;é were emitted within the first lO3 years of the lifetime of the source.

Even so, highly directional sources of this nature would not contribute
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significantly to the counting rate expected in systems similar to those
constructed by Reines and his co-workers. Furthermore, resonance effects

can not be detected at excessive depths.

4. The Tata Institute of Fundamental Research, Bombay, the Durham Univer-
sity, U.K., and the Osaka University, Japan, are jointly running a neutrino
experiment in a gold mine at Kolar, India, about 2,000 meters underground.
Neutrinos react with nuclei in the rock and produce muons, The detector
system has a collecting area of about 6 m2 and consists of two outer banks
of plastic scintillators and three banks of neon flash tubes with lead walls
each of 2.5 cm between the flash tubes., The direction of individual parti-
cles can be estimated to an accuracy of about lo. The deteétor has been in
operation for about four months and 4 events have so far been Observed,

3 of single particles and 1 of two particles. All 4 events made angles
larger than 45° to the vertical, including the double particle event which

arrived along the horizontal direction.

5. J. Keuffel (1965) of the University of Utah is planning the installation
of large detectors at 2000 feet depth near Park City, Utah. The detector
consists of a block of concrete 10 m X 10 m X 6 m high with four vertical
slots one meter wilde filled with water used as Cherenkov counters. An
additlonal nine vertical slots are filled with trays of cylindrical spark
counters in which timing of the audible discharge with simple microphones
permits localization of particle tracks to a few millimeters. Counting

rates of 5-10 events per year are expected from atmospheric neutrettos.

1k



6. Cowan, Ryan, Acosta, Buckwalter, Carey, and Curtin (1965) are engaged in
the observation of muons appearing in massive detectors under the influence

of a neutral component of the cosmic rays. The muons are of intermediate
energies, 10 to 150 MeV, as they must be produced in and must stop in the
detectors. They are identified by means of their decay electron through its
energy and its delay time relative to the appearance of the muon. The detector
consists of a block of plastic scintillator 2' X 4' x 1', This presents a
target of about 230 kg to the incident neutral particles. It is surrounded

on all sides except the small east and west ends by sheets of plastic scintil-
lator three-quaerters of an inch thick which, with their photomultipliers
provide the anticoincidence shielding. The top and bottom sheets overhang the
detector somewhat. Twelve photomultipliers look into the target through the
open east and west ends. A considerable number of events have been recorded
but Cowan and his co-workers do not believe that incident neutrinos or neutrettos

satisfy all the conditions implied by their experimental results to date.

In the preparation of this and the following lectures at Varenna, I wish
to acknowledge the stimulating aid and cooperation of J. K. Bienlein, CERN, R.
Gallino, Torino, G. Silvestro, Torino, and D. Falla, London. In the course of
the studies on which these lectures are based I have been aided by S. P. S.
Anand, J. M. Bardeen, J. N. Bshcall, G. R. Burbidge, E. M. Burbidge, R. F.
Christy, John Faulkner, Fred Hoyle, J. L. Greenstein, Icko Iben, Jr., C. C.
Lauritsen, I. W. Roxburgh, Maarten Schmidt, Robert Stoeckly, J. B. Oke, and
Barbara Zimmerman. I am especially indebted to J. M. Bardeen and J. N. Bahcall
for many discussions and suggestions concerning supermassive stars and neutrino
astrophysics respectively. The studies have been supported in part by the
Office of Naval Research[Nonr-220(47)], National Science Foundation [GP-5391]

and the National Aeronsutics and Space Administration [NGR-05-002-028].
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LECTURE I

NEUTRINO ASTROPHYSICS, II 2 h 3 2 8
Nbb ¢
 INTRODUCTTON

The question of the mumber and energy of neutrinos and antineutrinos
emitted by a star during its evolutionary lifetime was raised in Lecture I.
The answer to this question depends in part on the universality of the weak
interactions. Is the coupling constant the same for 21l possible four-particle
interactions between peirs of protons and neutrons, pairs of electrons and
electron-neutrinos, and peirs of muons and muon-neutrinos (neutrettos) or does
the observed value only hold for those cases on which direct observations have
been made, namely beta-decay, muon-decay, and muon-capture?

Complete universality is implied by the conserved vector current theory
of Feynman and Gell-Mann (1958a,b). This theory has been shown to make correct
predictions in a number of experimental tests by Bardin, Barnes, Fowler, and
Seeger (1960, 1962), Freeman, et al. (1962, 1964), Nordberg, Morinigo and Barnes
(1960, 1962), Mayer-Kuckuk and Michel (1961, 1962) and Lee, Mo, and Wu (1963),
but the completeness of the universality was not directly in question in these
experiments. Recent evidence for the existence of the parity violating charac-
teristic of the weak interaction in interactions involving only nucleons has
been given by Boehm and Kankeleit (1964) and by Abov, Krupchitsky and Oratovsky
(1964). These experiments are very suggestive but do not absolutely require
that the extension to cases involving only leptons must -

A

*This lecture is a revised and updated version of papers originally presented
at the CONFERENCE ON COSMOLOGY, Padua, Italy, 1964 and at the INTERNATIONAL
ASTRONOMICAL UNION SYMPOSIUM ON ABUNDANCE DETERMINATION IN STELLAR SPECTRA,
Utrecht, The Netherlands, 196k4.



be accepted as valid. From an analysis of the isotopic abundances in the iroa
group elements on the basis of nucleosynthesis of these elements in an equi-
librium process, Fowler (1962, 1963) and Fowler and Hoyle (1964) have suggested
that there 1s strong circumstantial evidence for the emission of neutrinos and

antineutrinos in electron-positron paeir annihilation at just the rate predicted

, second part
on the basis of the universality of the weak interaction. In the { of this
v third part
lecture this suggestion 1s reviewed and in the A a brief discussion of

the extent of neutrino emission by astronomical objects is given on the basis

that this suggestion is correct.

NEUTRINO EMISSION DURING THE EQUILIBRIUM PROCESS

In massive stars in the range 10 M, < M < 50 M, Fowler and Hoyle (1964)
show that nuclear evolution involving charged particle reactions proceeds from
hydrogen burning via the CNO bi-cycle, through helium burning with the produc-
tion primarily of oxygen, to oxygen burning with the production primarily of
silicon. At the termination of oxygen burning, photodisintegration into
alpha-particles with subsequent capture of these particles, the so-called
Qa-process, leads to the synthesis of iron-group nuclei with mass number A ~ 50
to 60 which have the greatest binding energy and stability of all nucleer species.

These charged-particle reactions proceed primarily through nuclei which on
the average have an equal number of neutrons and-protons, N = Z. When the
@-process comes to an end at Tg = T/lo9 = 3.5, energy loss by neutrino emission
leads to a mild contraction of the stellar core and a slight rise in tempera-
ture and density. At this point beta-processes, positron emission and electron
capture, begin to play a role in the transformation to nuclei which have a
greater number of neutrons than protons, e.g., Fe56, and which are more stable

than those with equal numbers, e.g., Niss.




The pertinent question is this. In the time scale permitted by the
neutrino losses, how far will the beta-processes go in producing nuclei with
a neutron excess? In other words, in the "eéuilibrium" or e-process in which
the iron-group abundances are finally determined, does the material come to
the complete equilibrium corresponding to the ambient temperature and density
or does the limited reaction rate of the beta-processes impose an additional
constraint? It has been emphasized by Burbidge, Burbidge, Fogler and Hoyle
(1957) end Hoyle and Fowler (1960) that the aebundances of the iron-group
nuclei found in the solar system (particularly, terrestrial isotopic abundancés)
show definite effects of such a rate limitation. Figure 1 is adapted from
B?FH (1957) and shows the excellent agreement between observed iron-group

dbundances and those calculated for equilibrium at T, = 3.8.

9
If 18 assumed that solar-system iron-group nuclei are typical of nuclel
produced in the e-process Just outside the imploding central regions of Type
II supernovae. These nuclel reside in the material which is swept out by the
explosion of the mantle and envelope of the star. This explosion occurs in
such a short time inte:val that the quasi-equilibrium abundances reached before
the implosion-explosion are essentially unchanged. In what follows a most
significant‘connection will be found between iron-group abundances and the
time scale set by neutrino losses during the stellar stage Just pfior to core
implosion and mantle-envelope explosion. The neutrino losses are taken to
arise from the formation at high temperature of electron-positron pairs which
can then annihilate with the production of neutrino-aniineutrino pairse accord-
ing to

e +e + v+v | (1)
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- This process follows straightforwardly from the conserved vector current
theory of the weak interactions proposed by Feynman and Gell-Mann (1958a,
1956b). o |
The measure of beta-intert_zction rates appropriate for the present imrposes
is the rate of change of one-half the average neutron-proton difference per
| nucleus. This can be calculated from |

3 aN-2) _ &N _ _dz _ Lt n(NzZMT(N,Z) _ (2)
at dat at £n(N,Z ‘

vhere N = ENn(N,2)/En(N,2), Z = z2n(N,z)/zn(N,z), n(N,Z) is the number of .
nuclei containing N neutrons and Z protons, and T(N,Z) is the mean lifetime
of these nuclei for beta-interactions. The positive sign is to be used for
| positron emlission or electron capture and the negative sign for electron
emission or positron capture. The problem at hand involves first of all the
calculation of n(N,Z) as a function of the ratio of protons to neutrons, -i/—.
This is e task of considerable magnitude 1f temperature and density are also
varied, and ‘a computer program to accomplish the purpose has been undertaken
by Clifford and Tayler (195$ ist Cambridge University. Here we will fix on
a temperature and density using some of their results and will discuss only
in a general way what is essentially the "approaé " to0 equilibrium in stellar
nuclear processes.

Since B°FH (1957) found that equilibrium calculations at T. = 3.8 gave

9
excellent agreement with solar-system iron-group abundances, and since this

temperature is just slightly above that at which the pure Q-process ends, we
will use this value in what follows. Then in a stellar core with effective
mass M_ = 20 My FH (196h) show thet p; = p/10° = 3.1, N_ = 4.8 x 10°> electrons

30 S

and positrons per gnm, n, = 1.50 X 10"~ electrons and positrons per cm",



N_ = 3.9 x 102

0.9 X 1023 positrons per gm, and'n+ = 0,28 X J.O:SO positrons per cm;. The

electron-positron numbers will change slightly as Nise changes to Fe56 as

electrons per gm, n_ = 1.22 X 1030 electrons per cms, N+ =

the dominant nucleﬁs during the operation of the e-process.

The termination of the g-process at T, = 3.5 followed by a slight rise

9
in temperature and density upoﬁ contraction brings the material to T9 = 3,8

56

with Zyﬁ = ] and Ni~~ the most abundant nucleus. Beta-processes will now

lower Z/N. For substitution in equation (2) one thus needs relative values

for n(N,Z) for a series of values for Z/N at T, = 3.8, A fixed value for Z/N

9
serves as & constraint on the equilibrium process in the manner described by

B°FH (1957; see pp. 577, 578). Clifford (1964) has carried out special
abundance calculations for Eyﬁ = 1,00, 0.975, 0.950, 0.925, 0.900, 0.875,
0.8725, 0.870, 0.865, and 0.860 at p; = 3.1 and T,y = 3.5. The interval
between successive values corresponds to ON = 0.4 neutrons per nucleus when
A(Z/X) = 0.025. A total change of ~2 neutrons per nucleus is thus covered as
56 56

expected for the typlcal case 28N128 +> 26Fe30 .

camponents of the material for various values of Z/N.

Table 1 1lists the principal

Methods for calculation of the 7(N,Z) under stellar conditions have been
described by FH (1964). It will be clear that electron capture and positron
emission are the important beta-processes since the trend in stability is
toward nuclei with a'neutron’excess. Under terrestrial laboratory conditions
positron emission is more rapid than electron captuxe if sufficient energy is
avallable in the nuclear transformation to produce the positron rest mass and
glve the positron kinetic energy at least comparable to its rest-mass equiva-
lent energy. However, in dense stellar 1nteriofs the electron density at the

nucleus is considerably greater than in the undisturbed atom so that the rate




of electron capture is greatly enhanced. The result is that the proton-to-

neutron change” in radioactive nuclei which normally capture electrons or emit

positrons is increased in rate and even stable nuclei, e.g., N:LSB, have fairly

short lifetimes far capture of electrons having high energy in the tail of the
thermal energy distribution.

Reference to Table 1 indicates that thé nuclei which make importent con-

3

tributions in equation (2) are: Thed (2 x 10° sec), N7 (2 x 10° sec),

N1°8 (5 x th sec), and FeSh (4 x 101‘ sec). The proton (4 X 1_03

3

sec), Co>>

(2 x 10" sec), and Fe>° (10" sec) also contribute. In general the transforma-

tion from Z/F = 1.00 to smaller values can be followed in Figure 2. At Z/Ne=1

the principal constituents are N156 s N157 , and Coss. These capture electrons

or emit positrons to become 0056, 0057 , and Fe55 respectively. The Co56

immediately becomes Fesu and Nisa through fast nuclear processes since

2 Co°% Fesu + §1°° 4 445 Mev. FeSh and Ni°° capture electrons to beccme

Mnsu and Co58 which change by fast nuclear processes to Crsa, Fess, and Nieo.

56 5 5 57

Fe ~ and Co 7 produce Mn 5 and Fe Eventually nuclear processes produce the

equilibrium. abundances wvhich mainly reside in the stable nuclei which form the
shaded "steps” in Figure 2, nemely Cro2»53:%% i85 e56,57,58 59 g
Niso’ 61,62 (the last two nuclei are not shown). Some material remains as
stable Fesu and N1°® and also as stable Cr°° (not shown) and the other rare
iron-group nuclei.

Table 1 gives the time intervals calculated using equation (2) for the
changes through /N = 1.00, 0.975, ..., to 0.860, and the total time to each
value. Table 1 also gives the quantity @ = log,, n p/nn, the logarithm to the

base 10 of the ratio of densities of free protons to free neutrons external o

the complex muclei. As pointed cut by B°FH (1957) equilibrium calewlations
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Fig. 2. The flow of nuclear material in the N,Z plane
during the equilibrium or e-process showing
the effects of the slow beta interactions and
the rapid nuclear interactions. The OG-process
results mainly in the production of Ni56 with
about 10 per cent Coss, N157, FeSh, and Fe52

(not shown).



can be made quite eimply using © as a parameter. It will be clear, however,
that E/I—W is the more significant parameter. The computer progrém of Clifford
and.Tayler (1961&) essentially finds the values of © which yleld the chosen
values of -Z-/'ﬁ end calculates the corresponding equilibrium abundances. It
will be noted immediately that, as éxpected, very large ratios of free protons
10 free neutrons are required éxternal t6 the complex nuclei to maintain the
larger values for Z/N, e.g., @ = 8.62 for Z/N = 1.00. In simple physical
terms a dense atmosphere of protons is necessary to prevent the nuclei with
Z = N from decaying to the more stable nuclel with Z < N. The electrostatic
repulsion between frotons in .the nucleus which leads to increased stability ‘
for Z < N is seen to have a powerful effect.

B°FH (1957) found the optimum correspondence between solar system iron-group
aMMceg band the calculated values for the case Tg = 3.8 and O = 2.5. Ve

have already seen that T, = 3.8 is reached naturally in the stellar and nuclear

9
1965
4
evolution under discussion. The new calculations of Clifford and Taylexr (19615‘) .

yield optimum results at 0 = 2.7 which differs insignificantly from the BZFH
values. Correspondingly Z/N = 0.872 and 1 A(N-Z) =~ 2.0 showing that the
beta-processes changed approximately two neutrons into protons in the trans-

formation from material with N156 the most abundant nucleus to material with

_ Fess the most abundant.
The correspondence between the observations and the calculations of

1965
} .
Clifford and Tayler (1964) is illustrated for the stable iron isotopes

FeSh’ss’ 57598 4n Table 2. The solar-terrestrial values are those found first
by dividing the iron abundance by mass by the abundance of all the equilibrium .
process elements (V, Cr, Mn, Fe, Co, Ni) using the solar spectroscopic data»
given by Aller (1961). The resulting value 73 per cent was then divided among

the iron isotopes according to the terrestrial isctopic abundance ratios.



TABLE 2

IRON ISOTOPES

PER CENT OF TOTAL E-PROCESS ABUNDANCE BY MASS

M, = 20 My, M=~ 30 M

Z/N  1egn/n Fe?  Fe® ST Fe5® | ELECTRON CAPTURE
n
TIME
(101‘ SEC)

1.000 8.6 1.7  89.1 2.9 0.0 0.0
0.950 6.6 B34 21,9 7.2 0.0 0.2
0.900 4.0 3.0 29.6 k.7 0.04 1.2
0.872% 2,7 @ @ 3.2
0.860 1.2 0.2  64.5 3.0 4.0 8.0
0.850 -- -- -- -- -- 20.8
SOLAR-TERR VALUES @ 1.6

*
Interpolated from calculated values at 0.8725 and 0.870.




The chondritic iron abundance given by Suess and Urey (1956) is somewhat higher
than the solar value. This higher value can be obtained from the equilibrium
process calculations by employing a slightly lower value for the temperature
without changing the isotope ratios significantly. The calculated values in
Table 2 have been obtained from the abundances of Clifford and Tayler (196‘t_:'5965
given in part in Table 1 by aésigning all of the material at mass 56 to Fess,
for example, on the basis that if the equilibrium process terminated at a given

value for z/N then §1°6 and Co°® would aubséquentlj decay to Fess

and so forth.

The table shows that almost exact correspondence is obtained at -Z-/_ =
0.872 or © = log np/nn - 2,7 és noted previously. The time required for the
electron captures up to this point 1s seen to be 3.2 X 101" sec. This value
holds for a star of mass M = 30 M, with core mass Mc = 20 My where' T9 = 3.8
and Pg = 3.1 are the assumed equilibrium conditions. The mass M = 30 Mo is
teken as typical of the range 10 Nb <M<50 hb for Type II supernovae. In
the calculations positron emission, electron emission, and positron capture
have '.been neglected relative to electron capture. At still lower —Z'/ﬁ , @B
complete equilibrium is attained, all processes, in particular positron capture,
mist be considered. The time required for the fast nuclear reactions to
re-establish equilibrium as the electron captures take place has also been
neglected. This is Justified since, for example, the lifetime of 0056 to
Co°8(7,0)C0% - 10.07 MeV 18 ~10™" sec at T, = 3.8, pg = 3.1.

It will be noted that the time required for a given change in Z/X or in
1 (N-2) rapié.]y increases after Z/N = 0.872. Table 1 shows that the change
0.875-0.850 requires more than ten times the interval required for the change
0.900-0.875. Table 2 shows that the total time from 1.000 to 0.850 is more

 than six times that required to reach 0.872. Thus we are in position to reach



an answer to-the question posed in the third paragraph of this paper. In the
time scale permitted by the neutriho losses, how far will the beta-processes
go in producing nuclei with a neutron excess? '

To answer this question 1t is necessary to compute the neutrino time

scale under the conditions of temperature and density which have been reached .

56 an

in a star with M = 30 Nb when the beta-procésses operate to change Ni da

56

other Z2 = N nuclei'produced in the G-process to nuclel such as Fe = with

% (N-Z) = 2. In the 81°6_Fe%® transformation the energy release 18 6.6 MeV

or 1.13 x 10%7 erg gm-l which 1s reduced to ~ 10%7 erg gm-l by direct neutrino
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losses. At T, = 3.8 and pg = 3.1, FH (1964) show that dU /at ~ 10"" erg gn L

9
sec™ ! 80 the time scale 1s t, ~10%7/20™ ~ 1000 sec ~17 min. This calcula-
tion underestimates tv. Some N156 begins to decay as soon as it is first
produced at the beginning of the Q-process. Thus an upper limit for tv is the
gsum of the interval for the Q-process, which FH (1964) estimate to be L4000 sec,
plus that for the Ni°®-Fe°® transformation. This sum is 4000 sec + 1000 sec =
5000 sec. The intermediate value, t, ~ 3000 sec, is tentatively adopted.

The value Just adopted tentatively holds for the time scale at the center
of the star. Since the neutrino loss decreases rapidly with decreasing temper-
ature the time scale will be somewhat longer throughout the central region in

which the N156-Fe56 transformation is taking place. Rough calculations lead

to the final choice, t, ~ 6000 sec. The Nisa--Fe56 transformation is relatively
insensitive to temperature, and no correction is necessary.

Thus we find tv ~ 6000 sec is considerably shorter than te ~.3 X 10h BecC.
However, it must be recalled that these calculations have been made for a

particular example, M = 30 My, of the type of stars which HF (1960) suggested

would evolve to become Type II supernovae, namely, stars for which




10 My <M < 50 M. The core mass vas taken to be M_ = (2/3) M = 20 My
Similer calculations for M, = (1/3) M, which may be more realistic, show
excellent correspondence between tv end t© e In addition the lower range of
stellar masses, 10 M < M < 30 M,, may well have contributed relatively more
e-process material than the higher range, 30 Pb <M<K50 Nb.

Thus, it would seem that q.,uite close correspondence in the time scales

56 4 2e” + Fe b

exists for e~ + e* + v 4 ¥ and for N + 2v with a universal

Fermi interaction for these two types of beta-interactions if the stars in

which solar system e-process material was produced had masses 10-50 bb as
originally contemplated by HF (1960).

| The point under discussion here can be sharpened by a consideration of

the time scale if e~ + et » v + V vas not operative. Photon losses in the

< L can be estimated to be ~ 10 erg gm.l sec L rather than
1

interval 3 < T9

the value ~ 101" erg gm sec™t for au v/ dt. Thus the photon-loss time scale
for I\li.ss-Fes6 is ~6 X 1010 sec ~ 2000 years or ample time for the beta-inter-
actions to reduce -i/ﬁ well below the last values tabulated in Tables 1 and 2.
The result: , as shown in Table 2, would be, among other things, an enhancement

8 and a decrease in FeSh completely in variance with the terrestrial

in ‘r"e5
ratio. C:_Learly the time scale was not this long. Photon losses by the stellar |
"material were not competent to decrease the time scale to the necessary value.
On the other hand the neutrino time scale set by assigning the universal Fermi
interaction strength to the process et +e” + v+ ¥V in the pre-supernova stage
of massive starﬁ is closely that required to match the electron capture times

involved in the formation of the Fe-isctopes and the other iron-group nuclei. |
The isotopic abundance ratios in any sample of terrestriel iron are circum-

stantial evidence for the universality of the beta-interactions.



This much can be asserted with some certainty: The terrestrial iron

group isotopic abundance ratios strongly indicate the operation in

massive stars of an energy loss mechanism having a loss rate of the

seme order of magnitude as that calculsted for efre 2V on

the basis of the universal Fermi interaction strength.

A comment on the ultimate values for Z/N or @ = log np/nn reached when
the beta-interactions are in complete equilibrium is in order at this point.
5°FH (1957) estimated © = 1.4 from a consideration of the equilibrium between
free neutrons end free protons and electrons. This value is only an approxi-
mation at best. It does in principle cover the equilibrium between free
protons and free neutrons and positrons. The difficulty involves the fact
that neutrinos and antineutrinos escape and do not enter into reverse reactions
once produced. This means, among other things, that energy must be supplied
to maintain equilibrium et a given density and temperature. Granted this
energy supply the equilibrium will depend more on the properties of the heavy
nuclei than on those of the free neutrons and protons. The electron-positron
ratio will be given as calculated by FH (1964) on the basis 7 2 et + e,
Then when electron capture and positron emission are balanced exactly by
positron capture and electron emission, equilibrium in the beta-interactions
will have been reached. We found sbove that it was not necessary to carry
the calculaetions this far. However, it is of considerable interest to know

the value of © and Zyﬁ for the ultimate equilibrium. Calculations to determine

these values are being made by Clifford (196k4).




IMPLICATIONS

Neutrinos and antineutrinos obey Fermi statistics and in an expanding
universe they form a deéenerate Fermi sea at very low energies. The effects
of this universal Ferml degeneracy in various cosmologies has been discussed
in detail by Weinberg (1962) and the reader is referred to this paper for the
basic treatment of neutrino cosmology. Neutrino and antineutrino effects in
astronaxfrssasm astrophysics have been most extensively discussed by Bahcall (1g96h
a,b,c,%{) and by Bahcall end Frautschi (1964a,b). Here we will content our-
selves with a discussion of the extent of neutrino and antineutrino emission
by various astrophysical sources. Our discussion reviews and extends that
glven by Weinberg (1962) in Part IV of his paper. Our results will be ex-
pressed as the ratio of energy emitted as neutrinos or antineutrinos to the
rest mass energy equivalent of the emitting system and are given in Table 3.

Nucleogenesis may occur through the creation of neutrons and antineutrons

or through the creation of protons and antiprotons. In the former case beta
decay probably occurs before other interactions but not, of course, in the
latter case. In the former case the antineutrino or neutrino energy emitted
is approximately 0.5 MeV or ~ 5 X 10"h of the rest mass of the emitting
particles.

Nucleosynthesis involving matter begins with the conversion of four
protons into helium with the emission of two positrons and two neutrinos.

The total energy emitted is 7 X 107

of the original rest mass; of this, 2%
is emitted as neutrino energy in the pp-chain and 6% in the CNO bi-cycle.

In the main-sequence and red-glant evolution of a star a minimum of one-tenth
and & maximum of two-thirds of the hydrogen is converted into helium. An
average velue can be estimated on the basis that observationally one-third

of the hydrogen of the Galaxy has been converted into helium. Taking all



TABLE 3

NEUTRINO ENERGY EMISSION
NEUTRINO ENERGY/REST MASS ENERGY
NUCLEOGENESIS p,e 0
h*
n+p+e +9V ~5 % 10
— - + — - +
P,p,n,n *> e ,ve,ve,vu,vu,y < 0.25
p,e-,ve,Vé,vu,Vh arbitrary
NUCLEOSYNTHESIS
HYDROGEN BURNING bp +a + 2t + 20 "
€ ~ 10"
bp+e »a+et 4 2v,
HELIUM BURNING 5 He' > C2, 4 met » 016 0
CARBON BURNING OR OXYGEN BURNING
+ Q- and e-PROCESSES 012 or 016 -+ Fe56 + 2v L
€ ~ 10~
+ PATR ANNIHILATION et 4+ e  +v + ¥
NEUTRON s- and r-PROCESSES (A > 60) ~3x 10720
QUASI-STELLAR OBJECTS (HYDROGEN BURNING) ~ J.o'lL
*% + o
RADIO GALAXIES P+ P *DP,n,n ,x -4
. _ N ~ 107 7(?)
n>e ,ve,ve,vu,vu,y

GEN. REL. COLLAPSE + INVISIBLE MASS

e++e--*v+7 MN:LO:SL{D ~ 0.03
M~ 10° M ~ 1078

AVERAGE WITHOUT ROTATION ~5 X 10'3

AVERAGE WITH ROTATION ~2x 1072

*

Continuous creation of neutrons excluded by cosmic X-ray observations at
present time.

t This value depends upon the fraction of nucleons and antinucleons which avoid
annihilation. Continuous creation of nucleons and antinucleons with some
annihilation 1s excluded by cosmic X-ray observations.

Note that muon neutrinos and antineutrinos are also emitted in this case and
that high energy resonant scattering is possible for the electron neutrinos

lﬁ and antineutrinos (see references by Bahcall and by Bahcall and Frautschi).




of these factors into account it will be seen that to order of magnitude
~ 10'," of the rest mass energy is converted into neutrinos. A similar value
holds for antineutrinos in mucleosynthesis involving antimatter.

Helium burning either to carbon via 3 Heh > 012 or to oxygen via the

additional reaction 012 + Heu + 016 + 7 does not involve neutrino or anti-
neutrino emission directly. Furthermore helium burning takes place at such
a low temperature that the pair ennihilation process, equation (1), is
not operative even if the universal strength of the wesk interactions applies.
Fowler and Hoyle (1964) show that helium burning results in carbon pro-
duction in stars with M < ~10 lvb and in oxygen production in stars with
M> ~10 Nb. There 1s considerable uncertainty in the critical mass because
the rate of the Clz(ct,y)ol6 reaction has not yielded to experimental measure-
ments to date and only approximate theoretical estimates can be made. Carbon
burning results in the production of nuclei near Mgzu with little direct
neutrino-antineutrino emission and takes place at too low a temperature for
pair annihilation to be effective. Oxygen burning results in the production
of muclel near 8128 with little direct neutrino-antineutrino emission but does
take place at high enough temperature (> 2 X 109 degrees) for pair annihila-
tion to be effective and to dissipate practically all of the nuclear energy
1f the universal strength of the weak interactions applies to reaction (1).
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The nuclear energy relesse is 5 X 107 ergs gm’l s0 the neutrino-anti-

"7

neutrino emission is ~ 5 X 10 ~ of the rest mass. Subsequent to carbon or
oxygen burning, the Q- and e-processes occur in which heavier nuclei up to
the iron group are produced. Pair annihilation is operative and again prac-

tically all of the available nuclear energy is radiated in the form of

neutrinos and antineutrinos. The nuclear energy relesse is 3 X 1017 ergs gm'l

so that the neutrino-antineutrino energy emission is ~3 X 10'1+ of the rest



mass. Thus in stars with M <~ 10 Nb nucleosynthesis beyond hydrogen burning
4

releases ~ 3 X 10 = of the rest mass energy in neutrinos and aentineutrinos

vhile for M > ~10 M, +the total is ~8 X 107", However, in the smaller mass
range & larger fraction, say one-third, of the mass is completely evolved to

the nuclear end-point than in the larger mass range where a fraction more like
one-eighth can be conveniently taken as e good average. Thus in both cases the
overall result is that ~ 10'1‘ of the total rest mass is emitted as neutrino-anti-
neutrino energy. If we include hydrogen burning then in the full run of nuclear
evolution in matter, ~ 1.5 X ].O")'L of the rest mass energy appears as neutrinos,
0.5 x 10™* as antineutrinos and 2 X 10 in toto. For muclear evolution in
antimatter the roles of neutrinos and antineutrinos are reversed. The argu-
ments given in this paragraph are those used to justify the private communica-
tion referred to by Weinberg (1962) in footnote 9, page 1h61.

We have so far neglected the neutron capture s- and r-processes by which
the heavier elements beyond A ‘~ 60 are produced. On the basis of solar
system element abundances only ‘-~-J.O"6 of the original mass has been through
the s-process. TFor the heavy nuclei averaged over abundances the mean atomic
weight is A ~75. About twenty neutrons have been added to the typical seed
nucleus but only about seven or eight of these have been converted into protons
with the emission of an antineutrino so that one additional antineutrino per
10 nucleons is emitted in the s-process. The antineutrino energy is of the
order of 2 MeV compared to the nucleon rest mass equivalent ~ 103 MeV so the
overall factor for antineutrino emission in the s-process is ~2 X 10-10.

For the r-process, the abundance is ~ 2 X 10'7 according to recent estimates
but the antineutrino energy is of the order of 6 MeV so that the overall
10

factor is ~1 X 10~ . It is thus clear that these processes can indeed be

neglected in comparison to nucleosynthesis up to the iron group elements.

)




The above discussion follows conventional ideas concerning nuclear evolu-
tion in stars and galaxies. We now turn to new and somewhat more speculative
ideas which have been mainly put forwerd in attempts to understand the strong
radio sources discovered in radio astronamy and the wltra-luminous quasi-stellar
objects which exhibit large optical red shifts.

,1965,1966

Accarding to Hoyle and Fowler (1963a, 1963b) and to Fowler (19611) the
energy generation in the quasi-stellar objects can be understood in terms of
hydrogen burning so that the neutrino emission factor is ~ 10-u. We see no
problem in meeting the energy requirements of the quasi-stellar objects,which
we identify as massive stars with M ~108ﬂ' Nb » by means of the nuclear re-
sources of the cores of these stars. There is & problem in the mechanism by
which they are stabilized for periods as high as -~-.'l.05 years. If spherically
symmetric and non-rotating, the hydrostatic equilibrium of these stars requires
large inputs of energy (Fowler, 1964 and Iben, 1963) and is unstable to general
relativistic collapse (Fowler, 1964

(Fowler, 19663
1964). However, rotation; and magnetoturbulence (Bardeen and Anand, 1966) are two

Chandrasekhar, 196ka,b,c and Gratton,

of numerous mechanisms which have been suggested as stabilizing agents.

The energy requirements for the strong radio emission from radio galaxies
are so great according to some methods of calculation that Hoyle and Fowler
(1963a ’ 1963b) pointed out that nuclear reactions in a galactic nucleus limited
to less then 1% of the total mass would not suffice as the energy source. The
release of gravitational energy during gravitational collapse was suggested as
an alternative but serious difficulties arise in the energy emission cut-off
due to the large red shifts which develop during collapse to the Schwarzschild
limit. The problem is under extensive study in many places and until such a
time as a solution is reached we are campelled to proceed on the basis of

direct analysis of the observations. If the high emergy electrons which yield



the radio synchrotron emission are produced in proton-proton collisions
(Burbidge, 1962) then electron neutrinos and antineutrinos plus muon neutrinos
and antineutrons are produced with roughly equal energies to that of the high
energy electrons, Take louh ergs sec"l as a representative rate of emission
over a meximm time scale of 5 x 10° years (Minkowski, 1964) to obtein ~ 10°°
ergs for the energy emitted by the high energy electrons and assign a similar
value to the high energy neutrinos of all types. On the grounds that the radio
galaxies do not show internal evidence for spectacular violent events let us
assume that at most 1% of the total mass, most probably in the galactic nucleus,
was at one time involved in the energy production. Sandage (1964) has suggested
that radio galaxies are probably quite massive of the order of 1012 ND' Thus

we take ~ 0,01 X lO12 X lOSh ~'106h ergs as the energy equivalent of the mass
involved. Again the value Nlo-l‘L is obtained for the neutrino energy relative
to this energy but here there is considerably greater uncertainty to be

attached to this value than even in our previous estimates. The value could

be as high as 1072,

A still more speculative source of neutrino energy lies in thé process of
general relativistic collapse, in which & non-rotating, supermassive star
implodes at approximately the rate of free fall, releasing gravitational energy
until the Schwarzschild limiting radius is reached. At this radius the star
becomes invisible since all forms of radistion, including particles, are red
shifted to zero energy in the coordinates of a distant, external observer.

The star becomes "hidden mass" except in so far as it exerts a static gravita-
tional field. Hoyle, Fowler, Burbidge, and Burbidge (1964) showed that during
the collapse of a supermassive star the loss of energy in the form of
neutrino-antineutrino pairs from equation (1) was substantial even though not
enough to reduce the externally observable mass to zero at the Schwarzschild

limit.
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Bardeen (1965) has employed the analysis of Zel'dovich and Podurets (196k)
to express the total energy radiated in the form of neutrinos from a collapsing

supermassive star as

Pnax duv/dt
- (L-x) do
S j~o (2xGo)2 (1 - x/3)3 (2 (2)

In this expression, duv/dt is the rate of neutrino energy loss and is given

approximately by

du
v

15
It T

-1

~ 4,58 X 10 99 erg e sec

(Tg > 3) )

The free fall characteristic time is (2thp)'% and the function involving

1/

X = (p/pmax) 6 is a general relativistic correction which approaches unity
for small x. This factor was ignored by HFE® (1964). The integration limit
Pmax is the density at the stage of contraction when neutrinos emitted from
the central reglon just reach the surface at the later time when the outer

radius equals the Schwarzschild limit. It can be shown that

2
16 { M -3
Prax = 3 Psch 0.82 x 10 ("b) gnm cm (5)
vhere Pech is the limiting Schwarzschild density.

The integral, equation (3), may be evaluated once the appropriate p,T
relation has been established by the method used by HFE® (1964%). An approxi-

mate solution for supermassive stars is

3/2
e, - % ~ 13(5) (M > 105 ) ()

v Me M

6

Thus for M = 10° M, € ~10™° while for M = 10° M, € ~ 0.03. For smaller

stars degeneracy leads to lower values of ev. If an average is taken over a
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reasonable stellar population the following figure is obtained

3

(e,) ~ 5x 10” (without rotation) (7)

The above calculations assume that the collapsing mass is not rotating.

Rotation leads to a longer time scale for collapse and to the value

2

(ev) ~ 2 X 10 (with rotation) (8)

The estimates given in equations (7) and (8) are admittedly quite speculative
but it will be noted that these values are the order of 100 times the neutrino
losses which occur during the evolution of stars with M < 100 MD or in the
production of energy in radio sources. Furthermore it must be emphasized that
these results depend on the assumption that the weak interaction is universal
and that the coupling constant measured in beta decay, muon decay and muon
capture spplies to the annihilation of electron-positron pairs with neutrino
emission.

These speculations lead to a maximum value for ev of the order of a few
percent. We conclude that processes during stellar evolution never develop
neutrino energies comparable to the rest mass-energies of the emitting systems.
For this reason if the neutrino energy density in space is to be of cosmological
significance, its origin must lie in cosmological processes.

Weinberg's calculations show that on the basis of current ideas the
degenerate neutrino sea will be observable, if at all, only in the oscillating
cosmologies. However, his results serve to illustrate the main thesis of this
lecture. The mass density equivalent of the neutrino energy density is related
to the Fermi energy, EF’ by the well-known expression

v 5@

8x
(9)

~ 3x 102 E;.‘ gm cm™>
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for EF in ev. EF can be measured by observations on the behavior near the end

point of the energy spectrum in beta decay and present results set an upper

12 3

gncm -,
gm cm™> required

in steady state cosmology which in turn may be one or two orders of magnitude

limit, E; < 200 eV. This corresponds to an upper limit, p < 5 X 107

which is ~ lOl8 times the nucleon rest mass density of 10"29

greater than that observed in luminous stars. Alternmatively it will be noted
that Ep ~0.01 eV if the "missing" mass-energy is indeed in the form of
neutrinos. Clearly this low value is impossible to detect experimentally in
terrestrial lsboratorles with present techniques.

However, it is possible to set observational limits on the possible
neutrino degeneracy in the universe from a consideration of the shape of the
energy spectrum of the cosmic rays between 10'.Lo and 1020 eV. Cowsik, Pal
and Tandon (1964) have pointed out that the low energy neutrinos in a Fermi
sea appear to have quite large energies to a high energy cosmic reay proton in
its rest mass system. Proton-neutrino interactiomns, elastic and inelastic,
increase in probability quite rapidly with energy but eventually flatten off.
This will have the result that the cosmic ray energy spectrum should steepen
at high energies and then eventually regain the original slope. Such an effect
has been observed at lOl5 to 10]'6 eV. If this is attributed entirely to
proton-neutrino interactions then Cowsik, Pal and Tandon show that the height
of the Ferml sea is at most a few eV.

Experiment, observation and theory in neutrino astrophysics will continue
to be fruitful and productive in the quest for an understanding of astronomical

systems and the Universe.
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LECTURE IIT

SUPERMASSIVE STARS, QUASARS, AND EXTRAGALACTIC RADIO SOURCES, I

Nbb 24327

In this and the following lecture our concern will be the revolution

INTRODUCTION

which has occurred in astronomy during the past two decades. Radio astronomers
throughout the world — in Australia, England, the Netherlands, the Soviet Union,
Italy and the United States — have heen the real heroes of this revolution.
They have not only detected radio waves from extragalactic sources but have
succeeded in pin pointing the location of these sources on the celestial sphere.
In these lectures the first purpose will be to discuss the observational
work which mekes possible the identification of radio sources with optical ob-
jects observable through large telescopes. The second purpose will be to
consider various suggestions which have been made concerning the source of the
prodigious energies involved in the radio objects. Background referehces are
Hoyle, Fowler, Burbidge and Burbidge (196l4) and Fowler (1964; 1965a,b; 1966).
The fundamental problem is this — what physical phenomenon is the source
of the energy? Ordinary stars shine on nucleer energy. Are the nuclear re-
sources in supermassive stars sufficient to meet the observed energy require-
ments in radio objects or must we turn to other mechanisms — annihilation,
multi-supernovae, stellar collisions, gravitational collapse, or new and unknown
phenomena — to explain radio "stars" and "galaxies". In case nuclear reactions
in supermassive stars are effective, then we must ask whether these sters are

stable or unstable during nuclear burning. After the exhaustion of nuclear

*
This lecture is & revised and updated version of papers originally presented
before the AMERICAN PHILOSOPHICAL SOCIETY, Philadelphia, April 1964, and the
BELFER SCIENCE FORUM, Yeshiva University, November 196l .



fuel, vwhat happens? In addition, the mechanisms of transfer of energy from
the raw form in which it is produced to the exotic forms exhibited in the

radio sources must be studied.

THE OPITICAL IDENTIFICATION OF RADIO SOURCES

The development in many places throughout the world of radio telescopes
capable of determining positions to better than ten seconds in angle have led

to a significant breakthrough in the observation and identification of radio

sources. As one example, radio astronomers at the California Institute of
Technology have constructed at the Owens Valley Radio Observatory in Bishop,
California, an interferometer consisting of two 90-foot dishes which can be
separated by distances up to 1000 meters, yielding a limiting angular resolution

near lO-h.

The precise determination of the position of a radio object makes possible
an accurate comparison with the position of optical objects visible through
large conventional telescopes which have very high angular resolution because
of the short wave length of visible light. The ultimate objective is to make
an "identification" of the radio source with an optical object. Radio astrono-

mers at the California Institute of Technology have the unique advantage of




being able to cooperate with staff members of the Mount Wilson and Palomar
Obgervatories in using the 200-inch Hale Telescope on Mount Palomar for making
position comparisons and identifications.

Early identifications, made before great precision had been reached in
the radio observat.i'ons , indicated that in some cases radio sources seemed to
be associated with pairs of galaxies in close proximity and perhaps even in
collision. This led naturally to the assumption that the energy freed in such
a collision might be the source of the radio energy. It is now believed that
collision energy is inadequate in this regard but more importantly the great
majority of the more precise identifications for radio sources outside of our
Galaxy, the Milky Way, are with single, isolated galaxies and not with pairs
of galaxies.

Until recently there has been no way to determine directly the distance
to the radio objects of interest although red shift measurements have been
made on the 21-cm atomic hydrogen line from nearby objects and are being
répid.ly extended to more distant objects. On the other hand the distance to
the galaxy can be calculated if optical red shift measurements have been made
and if the red shift is assumed to be proportional to distance in accordance

with Hubble's lLaw.

THE ENERGY REQUIREMENTS OF THE RADIO SOURCES

Identification with an optically red shifted galaxy thus makes it possible
to determine the absolute luminosity of radio sources from the measured appare
ent luminosity, that is, the radio flux at the earth in erg cm 2 sec™t can be
translated into the total rate of energy emission in erg sec’l at the source
with the additional assumption of isotropic emission. (The possibility that

the radio waves are directed at the earth is rightly given scant attention.)



The‘results are staggering. More than 50 radio sources have been listed by
Matthews, Morgan and Schmidt (1964) with luminosities exceeding 10°C erg sec™t
and ranging up to 2 X J.Ou5 erg sec'l, the value for 3C 295 (the 295th object
in the third Cambridge University catalogue of radio sources). The optical
luminosity of the sun is 4 X lO33 exrg x=sec-l and that from the Galaxy is ap-
proximately 0% erg sec™l. Thus 3C 295 has a redio luminosity almost 1012
times that of the optical emission from the sun and more than ten times that
from the Galaxy. '
The total amounts of energy required to sustain these luminosities can
be calculated in several ways. It is reasonable to assume that the minimum
age to be assigned to the sources is that given by dividing the observed
dimensions by the velocity of light. Actually the linear growth of the sources
might well have taken place at considerably smaller velocities. Even so the
ages fall in the range lO5 to 106 years or lO13 seconds in order of magnitude
and thus the cumulative emissions are at least as high as 2 X 1058 ergs.
Another method of determining the total energy involved in the radio
sources is based on the assumption that the radio emission is synchrotron
radiation from high energy electrons spiraling in a magnetic field extending
throughout the object. This process is thought to be the most efficient for
the generation of radio waves and accounts qualitatively at least for the
polarization observed in many of the sources. The synchrotron theory implies
that energy is stored in the radio objects in the form of magnetic field
energy and relativistic electron energy. The magnetic field energy is pro-
portional to the mean square of the field intensity (B) and to the volume.
The total energy of the electrons is proportional to the rate at which they
emit energy, the radio luminosity, divided by the three halves power of the

field intensity and the square root of the characteristic radio frequency




emitted. Thus for a glven observed volume, luminosity and radio emission
spectrum the total energy is equal to a term proportional to B2 plus one
proportional to B'S/ 2, The fleld intensity is , of course, unknown but even

80 the total energy exhibits a minimm as a function of B and this minimum
can be readily determined. The values for the minimum stored energy even
exceed those of the minimum cumulative energies. In the case of the Hercules
A source the minimum stored energy, if the only high energy particles are
electrons, is approximately 1060 erg. The theory does not explicitly indicate
the method by which the electrons are accelerated to high energy but it is
reasonable to assume, as is the case in the cosmic radiation, that the nuclear
component (mostly protons) of the neutral medium or plasma must have consider=
ably greater total energy content than do the electrons. Upon taking this
factor into account the stored energy in Hercules A, for example, is almost
1061 erg. Because of their greater mass the protons do not take part in the
synchrotron emission.

In coming to a realistic estimate of the energy requirements in radio
objects there remains the knotty problem concerning the efficiency with which
the energy generated has been converted into relativistic particles and mag-
netic fields. Acceleration mechanisms employed in terrestrial laboratories
are notoriously inefficient but this may well be due to the very small scale,
astrophysically speaking, within which such mechanisms must operate. However,
it is estimated that even in solar flares not more than a few per cent of the
energy released is in the form of relativistic particles, the main energy
relegse occurring in mass motions and electromagnetic radiation.,

On the above basis, the figure 2 X 1062 ergs is frequently quoted as a

representative value of the energy requirement in the larger radio sources



and for the purposes of argument this figure will be accepted as the maximum
value in what follows. Suggestions have been made which modify the simple
synchrotron model in such a way as to reduce the energy requirements. The
magnetic field can be imagined to have a "clumpy" structure such that the
effective emitting volume, where the fileld is highest, is much smeller than
the overall volume observed. The magnetic field energy is proportional to
the emitting volume not the overall volume., The emission may come from grows
~ of electrons radiating coherently and thus much more efficiently. Detailed
studies of modifications along these lines will be necessary before the energy
problem can be considered to be solved.

It will be noted that there is considerable disparity in the two esti-

mates which it is possible to make for the energy requirements in the extended
58

radio sources., On the one hand the cumilative emissions range up to 2 X 10

ergs while the stored energies on the synchrotron model have been estimated to

be as high as 2 x 10°2 ergs.

SUPERMASSIVE STARS*

The immensity of 2 X 1062 ergs, can best be appreciated by a comparison

with the equivalent rest mass energy of a single star, for example, the sun.

The mass of the sun is 2 X 1033 grams and the square of the velocity of light
2
is (3 x 1010) ~ 104 ergs per gram. Thus Einstein's relation between energy
and mass
E = Mc® (1)
becomes numerically
E=~ 2 x 107 (WM,) erg (2)

where M/N{3 is the stellar mass expressed in units of the solar mass. We see

*

The designation supermassive applies throughout these lectures to stars with
mass M > 10° M. The prefix super will frequently be omitted but the stars
under discussion in this paper are not to be confused with stars with M

between 30 M, and 100 M, which are frequently called massive stars.




then that the energy stored on the synchrotron theory in particles and magnetic
fields in the invisible radio objects requires the original production of
energy of the order of that obtained by the complete annihilation of the mass
of one-hundred million suns, lO8 M, The problem can be taken in a quite
literal sense on the grounds that the conversion of mass is the fundamental
mechanism for the production of energy. On this basis the problem reduces to
how, when and where did the conversion take place.

Befare proceeding it is advisable to write Einstein's relation in a form -

more directly applicable to the problem under consideration as follows
AE = (Mo - M)c2

s 2X 105" (Mo - M)/Nb erg (3)

vhere AE is the energy made available from a system of particles with total
rest mass Mo vhen by some mechanism the mass, measured through gravitational
or inertial effects by an external obseﬂer, has been reduced to M. The
quantity AE 1is the energy store available for transformation at varying
efficiencies into the various observable forms -- gemma ray, x-ray, optical,
radio, neutrino and high energy particle emission.

In_ principle it is possible for M to decrease to zero but not to negative
values and s0 the maximum avallable energy is indeed Mocz. One mechanism by
which this can occur is through the annihilation of equal amounts of matter
and antimatter. This mechanism has been discussed by E. Teller (1965)_, ,

- The main problem has +to do with the
assembly of matter and antimatter in sufficient quantities on a time scale no
greater than that associated with the assumed explosive origin of these

objects. Although annihilation will not be discussed further in this paper,



it may prove to be the ultimate solution to the problem.

The success of the idea of nuclear energy generation in stars led quite
naturally to the extension of this idea to the radio sources. Hoyle and
Fowler (1963a) investigated the possibility that a mass of the order of lO8 ND
has condensed into & single star in which the energy generation taekes
place. On this point of view, using the standard theory of stellar structure
in Newtonian hydrostatic equilibrium, one immediately obtains optical lumi-

nosities of the order of lou6 erg sec'l and lifetimes for nuclear energy

generation of the order of 106 to lO7

is approximately 1060 ergs. (See Lecture IV for additional details,)

years so that the overall energy release

There is, of course, a basic limitation inherent in thermonuclear energy
generation. The conversion of hydrogen into helium involves the transformation
of only 0.7 per cent of the rest mass into energy and further nuclear burning
leading to the most tightly bound nuclear species near iron brings this figure
only to slightly less than one per cent. Thus M - M in equation (3) 18 at
most equal to 0.01 Mo and the complete nuclear conversion of 108 50lar masses
of hydrogen into iron group elements leads to the release of 2 X 1060 ergs.

In general

‘ 52
BE 1 < 2X10°° M /iy erg (&)

Equation (4) is expressed in terms of an upper limit for the following reason.
In the observed stars.with masses ranging epproximately from 1 to 100 MD the
conversion never seems to reach completion before steady mass 1loss Or super=
nova explosion terminates the life of the star. Thus it is clear that the
nuclear generation of 2 X lO62 ergs, the maximum value discussed above, in-
volves at least 1010 My This figure corresponds to the entire mass of a

medium size galaxy! On the other hand, the nuclear generation of 2 X 1058 ergs,




the minimum value discussed above, involves the order of II.O6 !b. This figure
corresponds to the mass of the larger globular clusters of stars in the halo
of the Galaxy and in other galaxies. If globular clusters are involved in
the energy production, it need not necessarily take place at the center of
the galaxy.

In the massive galaxies associated with the strong radio sources there
seemed to be no observational evidence for the abnormal heavy element concen-
tration which would presumebly follow from the nuclear conversion of 1010 Ivb.
If the larger energy requirements are accepted, it can be argued that nuclear
energy might prove inadequate and so Hoyle and Fowler (1963b) turned to another
possibility, gravitational energy. On classical Newtonian theory the gravita-
tional binding energy of a system of rest mass Mo with maximum radius R is
approximately given by

3 GM°2 2GM02

8 =53 F® ~ "R (3)

where n is the polytropic index which hes been arbitrarily chosen equal to
3¢5 in the final approximetion given. If no energy is stored in the system
which remains as "cold" gas or "dust" then § becomes AE, the energy freed
by the system on condensing from the dispersed state in which the gravitational
interaction can be neglected. If equation (5) is written

26 0 2
Jav; = O = Mec (6)
grav Rc2 (o}

it will be seen that the dimensionless quantity 2GMO/ Rc2 is just the fraction
of the rest mass energy made available. Classical Newtonian theory places no

limitation on EGMO/ Rc2 but the theory of general relativity limits it to unity



at the Schwarzschild limit. Thus

AE < M2
grav - 0o

< 2 X 105“ MO/N{3 erg (7)

in agreement with the statement made previously that M could not become
negative.

In what way can use be made of the release of gravitational energy? We
assume that in some way this energy is removed from the collapsing core and
is either absorbved in the outer envelope or is completely lost by the star.

In either case the hydrostatic balance in the envelope 1s destroyed and the
envelope material is ejected with high velocity. The energy loss from the

core may occur through photon or neutrino emission. Another possibility exists
if the massive star is in rotation. After the exhaustion of nuclear energy
the star will contract with the contraction of the core being much more rapid
than that of the envelope. It is reasonable to suppose that the angular
momentum of the core will be conserved once it has contracted awaey from the
envelope and that eventually the core will become unstable to fission into

two bodies rotating about each other as in a binary star. Such a system loses
rotational energy by radiating gravitational waves.

All emission mechanisms suffer from the limiting effect of the gravita-
tional red shift. In order for gravitational energy to be released from the
core it 1s necessary that the core contract or that (GMO/Rcz)core increase.
But the red shift in radiation is just proportional to this dimensionless
quantity in first order. Radlation arrives at a distant observer with less

energy than that calculated by a local observer where the radiation is emitted.

This is true for all forms of energy transfer, by particles as well as radiation.

~
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Thus the rate of any form of energy loss by the core is greatly reduced as
(G /Re?)

implied in equation (6) where it was assumed that no internal energy of motion

core increases and, as a result, the energy loss is not complete as
or radiation remained in the star during contraction. As a matter of fact
even the most optimistic calculations have not revealed mechanisms whereby a
contracting massive star can transfer more than a few per}cent of the gravita-
tional energy of its core to the outer envelope. The gravitational release of
energy may be somewhat more efficient than nuclear release but not by a large
factor. Thus the release of 2 X J.O62 ergs must, on Just about any grounds,
involve a mass of the order of 10lo Nb. The large elliptical galaxies associ-
ated with radio sources have total masses estimated at 1012 My Thus if

2X 1062 ergs is indeed the correct value for the energy requirement in radio
galaxies, then of the order of one per cent of the mass of the galaxy has been

involved in the generation of this energy.

QUASARS

It has been noted previously that Hoyle and Fowler (1963a) had obtained
optical luminosities of the order of 101‘6 erg sec‘l for a massive star of 108Nb
in hydrostatic equilibrium and in fect it was found that the luminosity
is Just proportional to the mass for M > :I.O3 Nb.- These large optical lumi-
nosities did not seem to have any immediate connection with the extended radio
sources since the problem concerning the transformation of the optically
emitted energy into high energy electrons and magnetic fields remained unsolved.

However, at the same time that these calculations were being made, an
observational discovery of great significance was made in Pasadena by Schmidt
(1963) and was quickly confirmed by Oke (1963) and by Greenstein and Matthews

(1963). It had been known for same time that certain of the radio sources



were located in coincidence with star-like objects which apparently had dia-
meters too small to be resolved by optical telescopes and which showed on
photographic plﬁtes as diffraction images characteristic of the telescope.
These objects were called "radlo stars.”

The Pasadena group pioneered in the use of the 200-inch Hale Telescope
on Mount Palomar to investigate the spectroscopy of these "radio stars.” For
several years their investigations of four of these objects led nowhere; they
were unable to understand the pecullar emission lines of the spectra which
the telescope revealed. There the matter rested until Schmidt began studying
the spectrum of a fifth object catalogued by Cambridge University radio astrono-
mers a8 3C 273. This time the Gordian knot was cut. Several of the emission
lines from 3C 273 formed a simple harmonic pattern, with separation and intens-
ity decreasing toward the ultre violet. The lines obviously belonged to a |
series of the type expected from hydrogen or any other atom that had been
stripped of all electrons but one. Schmidt soon concluded that no atom gave
the observed wave lengths. If he assumed, however, that the spectrum lines
had been shifted toward the red by 16 per cent, the observed wave length agreed
with those of hydrogen. Shortly thereafter Oke found the HX-line in exactly
the position predicted by the red-shift hypothesis and Greenstein and Matthews
found an even greater red shift of 37 per cent in 3C 48 when they properly
identified the lines observed as corresponding to well-known lines from the
elements oxygen, neon and magnesium.

Greenstein and Schmidt (1964) soon showed that the red shifts could not
be gravitational red shifts associated with large masses confined to regions
of very small radius. The masses involved are found to be quite large but the
radii of the emitting regions are s0 great that the gravitational red shift is

negligible. They suggested that their "quasi-stellar" objects or "quasars"




are extragalactic and that the red shifts arise from the general cosmological
expansion of the universe. With this interpretation they were then able to
determine the luminosity distance for-the objects and to convert the observed
apparent luminosities into absolute luminosities. The calculations indicated
that the quasars have optical luminosities of the order of 10“6 ergs sec'l or
more than one-hundred times the optical luminosity of our Galaxy. The quasars
may or may not be located in galaxies, but if they are, they outshine the
surrounding galaxy so that it is lost in the diffraction pattern of the quasar
image.

The optical luminosities of the quasars are very high, ~10h6 ergs sec'l,
but there is no convincing evidence that these objects have lifetimes in excess

of lOs to 106 years. Thus the cumilative optical emission is the order of

lO59 ergs which is well within the nuclear resources of a star with M = lO8 l"b.
Only seven per cent of the hydrogen of such a massive star need be converted
into helium to release this amount of energy. Because of the small volume the
stored energies required are small.

It is now well established that the quasars exhibit variability in optical
luminosity (Smith and Hoffleit 1963; Matthews and Sandage 1963; Sandage 1964;
Sharov and Efremov 1963; Geyer 1964). In addition to luminous flashes with
durations of the order of days or weeks, there 1s some evidence for cyclic
variations with periods of the order of ten years. It is generally agreed
that the occurrence of the cyclic variétione is crucial to the question whether
the primary radiation objJect 1s a single coherent massive star (10“--].08 Nb) as
originally proposed by Hoyle and Fowler (1963a, 1963b) or a system of smaller
stars (1-102 Nb) as discussed by numerous authors (Burbidge 1961; Hoyle and Fowler
1965; Gold, Axford and Ray 1965; Woltjer 1964; Ulam and Walden 1964; Field 1964). It
is difficult on the basis of collisions or supernova outbursts in a system

of many stellar objects to explain variations which exhibit a fairly regular
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periodicity. Thus, without prejudice to the problem of the reality of the
cyclic variations since only additional and more precise observations will
settle this matter, the possibility is investigated in what follows that such
variations can arise from non-linear relaxation oscillations in a single mas-
sive star. The star is taken to have no rotation and to be spherically
symmetric with all physical parameters depending only on the radial variable.
Rotation or other mechanisms which destroy the spherical symmetry change the
behavior of the ster markedly and will be mentioned briefly at the end of the
lecture and will be discussed in detail in Lecture IV.

It has also been suggested that the quasars are local. Terrell (1964, 1965)
has proposed the hypothesis that the quasars were ejected at relativistic velo-
cities in an explosive event at the center of the Galaxy some lO7 to 108 years
ago. Hoyle and Burbidge (1965, 1966) have suggested that a likely candidate
to glve rise to the quasars in our vieinity is NGC 5128 which is a powerful
radio source in which at least two outbursts appeared to have occurred. In
this case some objects with blue shifts may be expected.

On the local hypothesis the characteristic distances for the quasars are
1l to 10 megaparsecs rather than 103 to th megaparsecs as on the cosmological
hypothesis. Terrell (1965) suggests that the quasar masses are «alOl'L M, rather

10

than the value 108 to 10 MD required if the observed red shifts are cosmo-

logical. Thus on either the local or the cosmological hypothesis, supermassive

stars, as defined in this lecture, are required. Furthermore the original

local outburst involved masses of the same order of magnitude as those attributed
to the quasars themselves on the cosmological hypothesis. Consequently, in

the remainder of the lecture and in Lecture IV reference to the quasars will

be made on the basis that they are cosmological objects but this is not a

necessary condition for the arguments put forward.

1




RELAXATION OSCILLATIONS IN NON-ROTATING SUPERMASSIVE STARS

The rapid generation of nuclear energy during the general relativistic
collapse of a massive star is considered to be the triggering agent for the
relaxation oscillations. From the standpoint of the model discussed in
Hoyle and Fowler (1965) it is necessary to assume that the early fragmenta-
tion in the original gas cloud resulted in the formation of stars small
enough (< 10 Lb) that significant nuclear evolution (consumption of hydrogen)
did not occur in the time scale (~ 3 X 106 years)' in which stellar collisions
reduced the system of stars once again to a single gaséous object. Thus the
starting point is a massive star, say M ~ 106 Lb, with a characteristic
dimension of 10:L7 cm, central temperature of the order of lO5 OK, with
pressure support due almost entirely to radiation and a structure closely
approximating that of a polytrope of index n = 3 (Fowler and Hoyle s 1963,
1964). The composition is the same as that of the originsl gas cloud, for
example, X = 0.75, Y = 0.22 and Z = 0.03. After some exhaustion of hydrogen
a representative composition for purposes of computation will be taken to be

X = 0,50, Y = 0.47, 2 = 0,03 with Z primarily made up of CNO-nuclei.




General relativistic considerations lead to dynamic instability in
non-rotating massive stars when the radius falls below & certain critical
value (Iben 1963; Fowler 1964; Chandrasekhar 196ka,b, 1965; McVittie 1964;
Gratton 1964; Zel'dovich 1964). In whét follows we make use of the post-
Newtonian approximation in the notation of Fowler (196&). The significant
results are illustrated in Figure 1 where the energy content of the star ex-
clusive of the rest mass energy of the constituent particles is presented as
a function of the radius and central temperature. The heavy solid curve
represents the equilibrium binding energy in solar rest-mass energy equivalent
units given by the post-Newtonian aepproximation. The decrease to a minimum
at a certain outer radius and central temperature followed by a rise into the
unbound region is in marked contrast to the linear decrease exhibited by the
Newtonian term, -SBGM/tha. To the left of the minimum in the "classical"
range an adiabatic perturbation toward smaller radii leads to more energy than
that required for equilibrium and thus to more pressure than that necessary
for hydrostatic equilibrium. Thus the contraction is opposed as will clearly
also be the case for a perturbing expansion and thus the system is inherently
stable. The same argument used to the right of the minimum (Fowler 1964 )
indicates that a contraction leads to less pressure than that needed for hydro-
static equilibrium while an expansion leads to more so that the system is
dynamically unstable to adiebatic perturbations.

The equilibrium energy in the post-Newtonian approximation can be written

for n =3 as

.IE’_Q - - éﬁ(?——GM>+ i(é)%R (-Q—G-M_>2+ coe (8)
Mc2 8 Rc2 16 \ x 3 Rc2

where Rs = 6,897 is one of the constants of integration for the polytropic
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equation for n = 3, From Eddington's quartic equation the ratio of gas pressure

to total pressure is given for small values by Fowler and Hoyle (1964) as

1
2
B~ 6( -43) ~ 5—59(%) <<1 (9)

where u 1s the mean molecular weight and Ty = d In p/d tn p with p, the
pressure and p, the density. For M = 10% to 10° i, B ~10" %0 107>, In
massive stars the main pressure support is that due to radiation, B is small,
the Newtonian term in (8) is small and the post-Newtonian term becomes signifi-
cant for small values of R 8/R = 2GM/Rc2 of the order of B. The limiting
gravitational radius or Schwarzschild radius is designated by R8 = 2(34/ c:2 =
3% 10° (W/¥,) . o

The critical radius can be determined by setting the derivative of (8)

equal to zero in which case

R 3 R, 3
£ . .3.) - S - L (-‘1) ~ 102 to 10* (10)
R8 (x p B M
Numerically it is found that
R = 3.4 X 10° (M/Nb)s/ 2em ~ 10 to 10’ light seconds. (11)

At this point and in what follows it will be assumed that the gross internal
structure of the star is insensitive in first order to static or dynamic
changes in E/Mc2 of the order of B. Thus the equations relating central
temperature and density with the radius for a polytrope with n = 3 can be
freely employed. In fact the second order term in equation (8) is correctly

derived by using first order terms where required. The critical central
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Fig. 1.

The internal energy of a non-rotating massive star
(2.5 x lO5 MD) in excess of the rest mass energy is
shown as a function of radius and central tempera-
ture. The heavy curve shows the energy required for
hydrostatiec equilibrium when general relativistic
considerations are taken into account. This curve
deviates quadratically from the linear Newtonian
term and reaches & minimum with absolute value the
order of Mace at R ~ L x 10%° cm, T, 6~ 0.7 X 10® k.
This minimum is reached before nuclear energy genera-
tion begins in the interior. A general relativistic
collapse occurs which is stopped and reversed by
hydrogen burning through the CNO bi-cycle in a time
of approximately one day near R ~»1013 cm,

T_~2 x 10° °%. A radial shock vave is initiated
and the resulting expansion extends to a radius of
approximately lO17 cm in a time scale of the order
of several years. Damping of the expansion occurs
through radio and optical synchrotron emission and
by non-equilibrium continuum and line emission. The
overall process can best be described as a relaxation
oscillation. The case illustrated employs the lumin-
osity and period observed for the quasar in 3C-273B
which is assumed to be ét the cosmologlcal distance

corresponding to its red shift.
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temperature and density are thus

_— Re> . 1.5 x 100 (_M_Q> o
¢ o ua% /2y M M

(12)

~ 10% t0 10° % for M ~ 10" to 10° My

7/2
_ 2.8 x 20t (Y -3
c u3 : M gm cm

(13)

L 10

~ 10% to 10” 5

gm cm- forM-lOu to 108’%

Moreover it is possible to show (Fowler 1964a) that equation (8) can be
expanded in increasing powers of T with only the linear and quadratic terms
retained in the post-Newtonian approximation.

The minimm equilibrium energy at Rc, 'I‘c s Po turns out to be independent

of the stellar mass and is given by

a SMBZRQ c2
e = Py
eqd 4 ua RS a2 G3[2

(14)

where M3 = 2,018 is the second constant of integration for the polytropiec
equation for n = 3, Equation (14) can be rewritten by introducing m“‘/ as=

(15/1(2) (ﬁscs/Muh) and after evaluation of numerical factors becomes

| ' A 3/2
g | _0.27 [ He 2 L 057 -2k 2
eq > ( 2) M, c 107" x 10°°" ¢ (15)
" @

where N&l is the atomic mass unit. It is well known that the dimensionless

gravitational interaction constant (Rviua/ fic 1s very small, of order 10738,

The corresponding fine structure constant in electromagnetism is e2/ ic = 1/ 137.




As indicated in equation (15) this leads to
n 2 _ sk
E:':; - Mye - 2X 10" ergs (16)

vhich indicates that the maximum binding energy of a non-rotating massive star

is the order of one solar mass-energy equivalent. More precisely

sh
Em.'m 0.51 2 0.91 X 10
eq = - ua Nbc = - ua erg (17)

In a first appraisal of the problem it is interesting to consider equation
(16) in relation to the luminosity of the quasars which is of order L ~ 104°
erg ts.ec-:L (Greenstein and Schmidt 1964, and Oke 1965). The Helmholtz-Kelvin
contraction time, ET:; n/ L, with this luminosity is thus of the order of several
years. This will also be the cycle time if energy of the order of the binding
energy is supplied 'by nuclear burning during an oscillation or pulsation. It
is indeed Just this general idea which is now explored in somewhat greater
detail.

The stellar masses which will prove to be of greatest interest fall in the
range 10° ¥, to 108 M. For this mass range equation (12) indicates that
'l‘c ~ 108 to 107 ®°k. The rate of energy generation by the CNO bi-cycle at
these temperatures and the corresponding low densities is considerably less
than that required to maintain a luminosity of the order of 10h6 erg eec-l.
Thus when the star reaches the minimum energy in Figure 1, collapse will com-
mence and will continue until temperatures are reached at which nuclear energy
generation becomes adequate for stability. Collapse will in fact be halted
when, over the appropriate time interval, the nuclear energy generation matches
that required to supply Ee - E:;‘n o Collapse will be reversed to expansion

q
in approximately the same time interval so that the nuclear processes overshoot
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and deliver in each pulse or cycle the following amount of energy

€yo = 2 (E, - E‘;‘zn)

cye
n 2
-2 I*Emieq | (x, - 1) (18)
sk '
1l.82 X 10 2
uz (xn - 1)€ erg

where xn = Tn/ Tc and Tn is the temperature at which the nuclear burning takes
place while Tc is the critical temperature for the minimum in Eeq. The factor

of 2 also follows directly from the conservation of momentum during the stop-

ping and reversal of the collapse. The quadratic dependence on the temperature

term in x follows directly from the fact that in equation (8) for Eeq only

n
- E:t only the

linear and quadratic terms in R o T are retained. In Eeq
quadratic term remains. To determine 'I‘n requires knowledge of the time scale
for collapse and of the rate of energy generation in the CNO bi-cycle at
elevated temperatures.

The time scale for nuclear burning during general relativistic collapse
can be calculated with sufficient accuracy using the post-Newtonian approxima-

tion for the acceleration which can be written (see Lecture IV) as follows: -

(1 + v2/c2 - 26M rc2) GM 3
(Ll + eo0e) = -%ﬁ 5 / - 2r<l+]-+—’-‘P-;-> (all r)
(p + p/c%) r M_c

S R -
(- =g - ==5+ )

- % nGo r (1 + 2 —:-5-2-2- + *¢¢+) (post-Newtonian, center)

2
P,C P C

~ L %12' - % 7Gp (Newtonian, center)

(19)



In equation (19), r is the Lagranglen radial coordinate, p is the pressure,
u is the internal energy demsity, p o 1s the mass-density, p is the mass-energy
density in mass units and Mr is the mass-energy interior to r. Relativistic
terms have not been explicitly indicated on the left-hand side of equation (19).
The first form on the right-hand side is relativistically exact, the second
form 1s the post-Newtonian epproximation at the center of the star, while the
third form is the customary Newtonian approximation at the center. In this
Newtonian approximation at hydrostatic equilibrium, ¥ = 0. Thus to first
order ¥ is Just the difference of the first post-Newtonian terms on the
right-hand side and the post-Newtonian terms on the left-hand side are not
needed and have not been explicitly presented. It will be noted that the
difference in the post-Newtonian terms is proportional to (2u + 4p)/p c’c‘?
~10p/ P c2 for u ~ 3p as is the case in massive stars where radiation pressure
dominatSs.

Standard methods of integration applied to equation (19) with ¥ = * =0

at the initial critical conditions lead, for small (p/poca) o™ (aml‘/spoca)c,

to
b () St et @
1
o~ [LOmaG\Z _ 1y3/2
( 27c2) Tirx(x 1) for 1< x<2 (22)
(ig)% ? 2 (x - 1)2 for 2 < x < 10 (22)

vhere x = T/T o+ Solving for the e-folding time in T or r one finds numerically
for equation (22), which is the case of primary interest, that

dt 1.3 X 105

‘rgc | T/é = m -~ m gec (23)
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Thus the e-folding time in temperature or radius for geheral relativistic
gravitational collapse (ge) at hydrogen burning temperatures, (Tn)8 ~ 2, in
massive stars for which(TE;QA,l is somewhat less than one day. This is con-
siderably greater than the classical free fall time which is rff = (8«09/3).%
= 1340 p'% sec -103 sec., However it is the shortness of Tgc relative to the
overall period of ordexr 10 years which illustrates the extreme non-linearity
of the oscillations under consideration.

In the discussion in Hoyle and Fowler (1965) of the behavior of CNO-burning
of hydrogen in massive stars it was noted that the proton capture reaction by
nuclei such as le proceed at a rate comparable to the beta-decay of le and
that alpha-particle reactions lead to same transmutation of the CNO-nuclei
into heavier nuclei. However these are not serious effects in the cases of
primary interest in this paper and it is sufficiently accurate to make the
assumption that all CNO-nuclel actively participate and remain as catalysts,
mostly as Nlh (~0.92), and that the rate of energy generation is primarily
determined by the Nlh(p,y) reaction for which Hebbard and Bailey (1963) give
the empirical parameters, S, = 2.75 * 0.50 keV-barns and (dS/dE) ~ 0. This
leads to a slight modification of the results of Caughlan and Fowler (1962).
" When expressed as a power law in temperature near T8 ~ 2 the nuclear energy

generation rate for the HCNO-burning is

€ ~ 3.7 x 102 pXZTe8 erg gm-l sec™t

(2)

10 8

e 5.6 X 10 DTB x - 0,,50’ Z = 0003

In a massive star vith polytropic index n = 3, Fowler and Hoyle (1964) express

the density in their equation (B120) as

3

p ™~ 130 (%) Tas en cm-s ' (25)
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80 that

12(% :
€ = 7.3X10 _N-l-> Tg‘l erg gm'l sec™t (26)

Fowler and Hoyle (196L4) also give the energy generation averaged over the star

and using their equation (C84) one finds

— ‘M ’.é‘
€ ~ L. x 10t <—MQ-> Tél erg gm’l sec™* (27)

This is still a quantity effectively representative of the central region of
the stellar interior. As noted above, equation (27) must not be used when the
burning becomes rapid enough that beta-decay processes limit the rate of energy
generation. The limit comes when the time for the conversion of four protons
into helium is Just the sum of the mean lifetimes for proton capture by Olu

(100 sec) and ol® (180 sec) and is given by

18
g ~ (lhhs x £:0 X 10 >z. ~5.9 x 10°° z erg gn sec™t

2860

(28)

~ 1.8 x 20 Z = 0.03 :

The limiting temperature given by combining equations (27) and (28) is

u /22
TB < 1.7 %
5 6 (29)
< ~3 for M = 10 tolObb

The simplest procedure is now to equate € multiplied by the stellar mass
and by the effective time for nuclear burning to € cye given by equation (18).
The effective time can be estimated as follows. The quantity ETgc varies
approximately as 7, The e-folding time for ™ ig 1/9 that for T. However

the velocity is reduced from its initial value to zZero and is then reversed
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by the energy generation so thaf the effective time for nuclear burning during

each cycle is (4/9) Tget ThUS

ol+

et M (30)

€ = ge

cyc

Equations (12), (18), (23), (27) and (30) can be combined to yleld

(x )18/17

% ~ 1.0 X 105( L T ~ 10° (xn)13/17 (31)
X =
n

where x = Tn/ '.1‘c as before. Tc is the critical temperature at which collapse
begins and Tn is now the temperature at which the hydrogen burning generates
e c in the available time determined by the reversal of the collapse. Equa-

cy
tions (18) and (31) then yield (for x, ~3 as found below)

34/13 :
ecyc ~ 101‘1(%> erg (32)

In this equation u = 0.73 has been used corresponding to X = 0.50, Y = 0.47,
Z = 0.03. '

We have now arrived at the nuclear energy generated in the pulse which
triggers each relaxation oscillation or cycle. This must iwe equal to the

total luminosity L for all forms of radiation multiplied by the cycle period

T cye 80 that Sh/
41 13
L Teye 10 (-N%) erg (33)
or Mo -16 , 13/34
% 2x10° (L "cyc) (34)

In the case of the quasar 3C 273 the observations indicate L ~4 X 10)*6 erg Bec-l

(Oke 1965) end ¥ ~13 yr ~ X 10% sec (Smith ‘and Hoffleit 1963) so that
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_ 55
I"qrc ~ 1.6 X 10" erg and

M~ 2.5 x10° (35)

Y

Corresponding to this value for M/MO it is found from equation (12) that

(T‘!')8~ 0.7 and from equation (31) that X, ~3 so that (Tn)8~ 2. These values
are illustrated in Figure 1. At (’I‘Q_)8~ 0.7 the stellar radius is ~k4 X 100> cm

while at (Tn)8~ 2 the radius is =~ 1.3 X 1013 cm. The Schwarzschild limiting

radius 18 ~8 X 10'° cm.

It will be noted in equation (32) that € cyc Vveries as a fairly high
power, ~ 2.6, of the stellar mass. Thus € cye rapidly approaches the total
nucleaxr energy content of the star. At this point the nuclear energy would
suffice for only one pulse of energy generation. These considerations lead
to the conclusion that relaxation oscillations without serious overshooting

due to excessive energy generation can only take place in non-rotating stars

with mass not exceeding ~ 106 Nb. It may prove significant that this is the
order of magnitude of the mass of the larger globular clusters.

The above discussion has treated the relaxation oscillations almost
solely in terms of energy considerations. Damping and stabilizing mechanisms
will be discussed in the sequel but an important point in this connection
should be noted at this time. The time spent. during the osclllation with
R< Rcrwhen the star is dynamically unstable is very short compared to the
overall period being of the order of one day. Thus practically the entire
oscillation occurs with R > Bcrduring which the star is dynamically stable as
in the classical, non-relativistic case. The maximum radius reached during
the oscillation will be the order of the ratio of 10 years to 1 day multiplied
by B, or epproxinately 10 cm. The classical period for linear oscillations

is not -strictly applicable to the very large amplitude oscillations undex



discussion. This period 1s given by I -(BSC)'% and 1s the order of 10 years
for the mean density in a star with M ~2.5 X 10° Iy (5C-273) at an inter-

13 17

mediate stage between the minimum (Rn ~ 10™ cm) and maximum (Rma ~ 10" cm)

x
excursions of the relaxation oscillations.
Equation (34) ylelds the maés of a non-rotating central stellar object
having properties consistent with the product of the luminosity and period of
a variable quasar such as 3C-273 if the period is that for relaxation oscilla=-
tions in the star maintained by energy generation through HCNO-burning. The
actual period will be determined by other considerations to be discussed later.
At this point we turn our attention to the cumulative emissions from 3C-273.
The mass given by equation (35) can only satisfy the cumulative energy
requirement for 3C-273 if the lifetime is relatively short. The nuclear energy

7 erg from equation (4). For

resources for M = 2 X 10° M, are at most 4 X 10°
a luminosity equal to 4 X 1046 erg sec™’ this yields a lifetime of 10™ sec or
3000 years. The number of relaxation oscillations is approximately 250.
Greenstein and Schmidt (1964) discuss a model for the quasar in 30-273:with
lifetime equal to 103 years. They emphasize that on this basis the quasar is
considerably younger than the associated objects in 3C-273, namely the radio
halo surrounding the quasar and the optical jet. The quasar has then to be
taken as a later event unassociated with the origiﬂ of the older, large scale
components of 3C-273.

In the next lecture we will present in detail the modifica-
tions to the discussion presented here which are necessary if the value obtained
for the mass from an equation such as (34) is to be substantially increased.

: or turbulent kinetic energy
Suffice it to note that the introduction of rotation{leads to a substantial
increase in the mass in which the nuclear burning can take place without

excessive overshooting during the relaxation oscillations. This
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lecture
A will be concluded with a brief enumeration of considerations connected

with the energizing and damping of relaxation oscillations in such a way that
stable pulsations are possible. We lean heavily on the quasar models discussed
by Greenstein and Schmidt (1964) and by Oke (1965) in this enumeration. These
considerations are illustrated schematically in Figure 2.

(1) ZIedoux (1941) has shown that the relative radial displacement at
the center of a pulsating massive star in which I} ~ 4/3 can be comparable in
magnitude to that throughout the star and particularly at the surface. This
means that nuclear energy generation at the center is extremely effective in
triggering pulsations in the massive stars under discussion in this paper.

(2) ZLedoux (1941) and Schwarzschild and Hérm (1959) have emphasized that
the problem of stability in massive stars depends critically on the mechanism
of heat leakage in the envelope which serves to damp the oscillations energized

in the core. They show that pulsational instability is to be expected for

stellar masses above a critical value of the order of ~102 Nb, if the only

processes of heat transfer and loss are ordinary convection and radiation.

This can be understood on the basis that the radiative luminosity is propor-

tional to R2Tb' which in turn is proportional to R"2 80 that at the large radiil

2

occurring during the expansion, L o R ™€ is ineffective as a damping mechan=-

rad
ism.

(3) Vhat is required are damping mechanlsms which are effective at large
radii and low surface densities. It is therefore suggested that the extra-
ordinary modes of energy emission evidenced by the quasars, namely, radio
synchrotron emission, optical synchrotron emission as well as non-equilibrium
continuum and line emission serve as the damping agents in stabilizing the

pulsations. It is the oveiall rate of these emissions relative to the nuclear
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Schematic model for a quasar. Large amplitude relaxation oscilla-
tions between radii of 103 and 10'7 cm are energized in a massive
star by HCNO burning at a temperature near 2 x 108 OK. Shock waves
transmit the energy to the tenuous outer envelope from which rela-
tivistic particles are ejected into the region surrounding the star.
An assoclated dipole magnetic field channels the relativistic
particles into two large scale regions (= 10'° cm) in which radio
synchrotron emission occurs. Optical synchrotron radiation is
emitted from the region immediately surrounding the star (~ 10'® cm).
Non-equilibrium continuum and line emission are also stimulated in
this region by ultraviolet radiation from the star. It 1is this
region which is visible and not the star itself. If the quasars
are local all dimensions should be reduced by a factor ~ 100.




energy generation per pulse which determines the period of the oscillations. ‘
As discussed previously these emissions take place predominantly while R > R e 1
during which the star is dynamically stable. ‘
(4) As noted in the discussion of relaxation oscillations the nuclear
energy generation takes place in the period of the order of a day which is very
short compared to the observed overall periods of approximately 10 years. This
nuclear pulse will lead to the propagation of a radial shock wave outward from
the center of the star. From the work of Ono » Sakashita and Ohyama (1961),
Ohyema (1963) and Colgate and White (1964) it is known that such a shock wave
will reach relativistic velocities in the tenuous outer envelope of the star and
will there generate relativistic particles which are then ejected into the region
surrounding the star. This high energy process becomes an especially effective
damping agent during the latter stages of expansion when surface densities are low.
It is generally believed that shock wave acceleration results in the production of
relativistic particles with total .energies comparable to that for non-relativistic
particles. This seems 10 be required by the quasar observations.
(5) The ejection of relativistic particles leads to the formation of the
region with dimensions of the order of 1018 cm in which an optical synchrotron
continuum can be generated in the presence of an associated magnetic field. This
region is in fact relatively transparent to high energy particles which can leak
out to form a much more extended region with dimensions of the order of 1019 cm
or even greater in which radlo synchrotron emission takes place. The reader is
referred to Greenstein and Schmidt (1964) for detailed description of the regions
under discussion. If the quasars are local these dimensions must be reduced by a
factor ~ 100.
(6) If the overall magnetic field has dipole structure then the ejection
of the relativistic particles will tend to occur parallel to the dipole axis
and to result in the formation of a two-component radio source as is frequently

observed. For the field strengths required by synchrotron theory, the Larmor

radii of the relativistic particles are quite small compared to the dimensions
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of the radio sources. On this picture the line of centers of the radio com-
ponents would lie along the axis of rotation even for an inclined magnetic
dipole. For the line of centers to be perpendicular to the axis of rotation
it is necessary to consider other possibilities such as the fission mechanism
discussed by Hoyle and Fowler (1965) and Fowler (196k).

(7) From the original work of Hoyle and Fowler (1963a) on supermassive
stars the surface temperature is estimated to be the order of 105 oK during
the hydrogen burning stage in the interior. Intense ultraviolet emission at
this temperature will amply suffice to excite non-equilibrium continuum and
line emission from the 1018 cm region in which optical synchrotron rediation
is also generated. At the same time the high opacity presented to the ultra-
violet radiations would make observation of the embedded supermassive star
impossible,

(8) Upon the exhaustion of nuclear energy resources, gravitational
collapse occurs in a non-rotating massive star. For a rotating star collaspse
can also occur if mechanisms for the transfer of angular momentum are effective,
In the case of collapse, gravitational energy becomes aveilable and the evolu-
tion of a quasar into an extended radio source may become possible as discussed
by Fowler (1964).

(9) Lynds and Sandage (1963) have shown that the peculiar optical and
radio galaxy M82, shown in Figure 3, exhibits a complex filamentary system
which contains a mass of expanding material which may be as large as 5.6><106 MD
moving with kinetic energy equal to 2.4 x lO55 ergs. The expansion velocities
are determined to be proportional to the distance from the galactic center and
the data suggest that the primary explosive event took place 1.5 X 106 years
ago. On the basis of the ideas presented in this lecture it seems reasonsble

to suggest that MB2 was the site of the formation of a supermassive star with

6
M>10 MD which was not stabilized by rotation or internal turbulent energy.
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Thue effective damping of nmuclear energy generation falled to occur. The
burning of ~ 3 X 10'“ of the original hydrogen sufficed to supply the observed
expansion energy. The burning in toto of ~a10'3 of the original hydrogen
sufficed to supply all the observed energies, kinetic, magnetic, luminous and

that stored in ionization and high energy electrons.

CONCLUSION

The work described in this lecture constitutes a return to the early point
of view of Hoyle and Fowler (1963a,b) that supermassive stars can meet the
energy requirements in radio sources, specificelly in the quasars. General
relativity leads to dynamic instability in non-rotating massive stars but the
result is relaxation oscillations energized by hydrogen burning rather than
catastrophic collapse at least for masses not exceeding 106 MD’ It is noted
that the introduction of rotation or turbulent kinetic energy raises this
1imit by several orders of megnitude and that the next lecture will treat this
matter. It is emphasized that the exotic forms of energy emission observed in
the quasars can serve to damp the relaxation oscillations in such a way that
stable pulsations result. It is thus suggested that quasars consist of pulsat-
ing supermassive stars, energized by nuclear reactions, with radio and optical
emissions from extended surrounding regions which the star excites with ultra-
violet radiation and relstivistic particles. With the exhaustion of nuclear
energy, gravitational energy may become available and the evolution of a quasar
into an extended radio source becomes possible. It is suggested that exploding
galaxies such as M82 developed a supermassive star with M > 106 ND which was
not stabilized by rotation or internal turbulent energy so that effective

damping of nuclear burning failed to occur.
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SUPERMASSIVE STARS, QUASARS AND EXTRAGALACTIC RADIO SOURCES, II

INTRODUCTION Nbb %1\330

In the preceding lecture an attempt was made to understand the source of
the energy requirements in quasars and extragalactic radio sources in terms
of nuclear and gravitational energy release in supermassive stars. It was
found that the conversion of hydrogen into helium could take place in stars
with mass up to 106 Lb during stable regimes of reasonable duration character--
ized by non-linear relaxation oscillations with periods similar to those
observed. It was emphasized that the damping of these oscillations required
mechanisms for energy transfer and emission other than radiation and convec-
tion. It was suggested that the necessary requirements were met by transfer
through relativistic shock waves, by the development of magnetic fields, by
the acceleration of electrons to high energies, and by the production of radio
and optical synchrotron emission.

Because the onset of general relativistic instability occurs in stars
with M > lO6 Lb at temperatures far below those necessary for nuclear burning,
damping cannot be effective once the nuclear processes are triggered. In this
lecture it will be shown that the general relativistic instability is removed
by rotation in stars with mass at least as high as ].08 Nb and perhaps as high
as 109 Lb. Other stabilizing mechasnisms are briefly mentioned.

Hoyle and Fowler (1963a) showed that the radiative luminosity of a stable
supermassive star (M > :LO3 lvb) is proportional to the mass according to the

approximate relation

L ~ 2x10%° (M) erg sec™t (1)

%*

This lecture is a revised and updated version of a paper originally presented
before the NATIONAL ACADEMY OF SCIENCES (USA), Washington, April 1965, and
published in the ASTROPHYSICAL JOURNAL, 143, 000 (1966).




where M 1s the mass of the star and MD is the mass of the sun. On the

‘assumption that Qne-half of the hydrogen in the star is processed to helium

the avallable energy is

Q ~ 3x7x107 M ~ 6x 1% (M) erg, - (2)

80 that the lifetime for the main-sequence stage of a supermassive star 1s

13

T = QL ~ 3x10 sec~106W (3)

independent of mass. It was also found that hydrogen burning through the CNO
bi-cycle takes place at a central temperature near 8 X 107 OK and that the

effective surface temperature during hydrogen burning is approximately

7 X th %k indicating strong emission in the ultra-violet. A major unsolved

problem concerned the mechanism by which the optical energy output is trans-

formed into the high energy particles and magnetic field necessary to produce
the radio emission on the basis of current synchrotron theory.

The discovery (Schmidt 1963; Oke 1963; Greenstein and Matthews 1963) and
subsequent investigation (Greens?ein and Schmidt 1984; Oke 1965) of the
quasi-stellar radio sources or quasars shows that star-like objects associated
with certein radio sources do indeed have vefy large luminosities in the optical
range. The observed luminositles are claimed to be of the order of lO2+6 erg sec"l
which is that expectéd from equation (1) for M ~ 108 My. Lifetimes (Greenstein
and Schmidt 1964) of the quasars fall in the range lO3 to lO6 years on various
models., Thus it is tempting to associate the source of enérgy in the quasars
with nuclear burning in massive stars. Subsequent gravitational energy release
and possible connections with the extended radio sources are left aside for
the time being. In fact, the association with quasars and radio galaxies is
not the only motivation for this lecture. The stability of massive stérs is a

problem of interest and significance per se.




Support for the massive star model is given by the observed variasbility
(Smith and Hoffleit 1963; Matthews and Sandage 1963; Sharov and Efremov 1963;
Sandage 1964; Geyer 1964) of the optical radiation from the quasars. In addi-
tion to luminous flashes with durations of the order of days or weeks, there
is evidence for cyclic variations with periods of the order of ten years. There

is now good evidence for short period radio variations (Dent 1965; Maltby and

Moffet 1965) but it is not yet possible to decide whether or not these are cyclic.

It is generally agreed that the occurrence of the cyclic variations is crucial
to the question whether the primary radiating object is a single coherent massive
star (Hoyle and Fowler 1963a,b) or a system of smaller stars as discussed by
numerous authors (Burbidge 1961; Woltjer 1964; Ulam and Walden 1964; Field 1964;
Hoyle and Fowler 1965; Gold, Axford and Ray 1965). It is difficult on the basis
of random collisions or supernova outbursts in a system of many stellar objects
to explain variations which exhibit a regular periodicity. Furthermore, if the
gquasar dimensions are small enough, as would now seem to be the case, then col-
lisions become very freqpent and lead in a short time to a continuous medium
which condenses into & single star.

Thus, without prejudice to the problem of the reality of the cyclic varia-
tions since only additional and more precise observations will settle this matter,
the possibility is discussed in this lecture that such variations can arise from
pulsations in a single massive star. In the major cqnclusion of the lecture it
is shown that the general relativistic instability which occurs in non-rotating
stars is removed during nuclear burning by a relatively small amount of rotation
especially if differential rotation is taken into account.

An elegant treatment of the stability of supermassive stars using the exact
equations of general relativity hes been given by Chandrasekhar (196ka,b; 1965a)
and applications to polytropic gas‘spheres have been made by Tooper (1964) and
Gratton (1964). An analysis of the binding energy has been given by Iben

(1963) and a general discussion of the binding energy and the various



modes of oscillation has been given by Bardeen (1965). In the interest of
simplicity and some gain in physical insight the fdllowing discussion will
be restricted to the post-Newtonian approximation (Fowler 196ka) to the
relativistic equations.

This restriction can be justified on the grounds that only thé Newtonian
and post-Newtonian terms in the Schwarzsciaild line element have been verified
in the three so-called cruclal tests of general ‘relativity. There is even
some question concerning the correspondence between observation and theory in
the advance of the perihelion of Mercury which constitutes a test of the co-
efficient of the post-Newtonian term in the line element.

In determining the post-Newtonian terms a further approximation is made
in that these terms are evaluated using the equilibrium configurations given
by the Newtonian approximation. ' It must be emphasized that this cannot be
justified without recourse to the detailed analysis of the exact formal solu-
tions and the post-Newtonian approximation as given by Chandrasekhar. Only by
such a detailed analysis can the conditions be determined under which this
procedure gives & fair approximation to the correct results.

Even though i1t has important effects, rotation can be taken to be small
and need only be trested in the Newtonian apﬁroximation and only for the case
where distortion from spherical symmetry can be neglected. The two starting
~points will be (1) the equation for the binding energy of a star in hydrostatic
equilibrium and (2) the radial equation for dynasmic equilibrium throughout the
star. The object 1s to derive useful relations for the binding energy-and for
the frequency of the fundamental mode of radial oscillation and to exhibit the
connection between these two quantities. Because of the order of approximation
to which the derivations are restricted, the results are applicable oniy [
supermassive stars (M > 10° MD) in which the ratio B of gas pressure to gas
plus radiation pressure is small (B < 0.1) and can be approximated by equation

(A21) in the appendix.




BINDING ENERGY OF A SUPERMASSIVE STAR IN HYDROSTATIC EQUILIBRIUM

Neglecting rotation for the time being end assuming the star to be spheric~
ally symmetric it is possible to define three masses in exact general relstivistic
terms. The total mass which determines the star's overall gravitational and
inertial properties is given by

M = janr = jpdv = unjbradr (4a)

An observer at a distance from the star large compared to its radius would ob-
serve the Newtonlan gravitational attraction exerted by the star on a test mass
to be proportional to M. In equation (%a), dV is the Schwarzschild coordinate
volume, p = P + u/c2 is the total mass-energy density in mass units per unit
coordinate volume, p o is the rest mass density of nuclei and ionization electrons
and u is the internal energy density of gas and radiation, and includes the rest
mass-energy of particles created in the medium at elevated temperatures such as
electron-positron pairs (see the appendix for further discussion). The radial
variable in Schwarzschild coordinates, r, has the property that it automatically
includes internal gravitational energy when an equation with the simplicity of
(4a) is used to sum over the p measured by a local observer at r. The integra-
tion is teken from zero to R, the coordinate radius of the star, which i’s not
equal to the proper radius of the star. M is the total mass-energy in mass
units internal to r.

The rest mass is found by integrating p  over proper volume elements

according to the equation

M, = .fpo 1'rc2

av (4v)
where G is the gravitational constant and the square root term converts coordinate
volume to proper volume. Mo can be determined by dispersing the constituent
material at any time to infinity at zero temperature. Because of atomic and

nuclear processes po and thus Mo at one time may not be the same as at another

time. When hydrogen is converted into helium the rest mass per nucleon changes.



Unlike the creation and annihilation of pairs such nuclear changes may be ir-
reversible during contraction and re-expansion. In the circumstances under
discussion the number of nucleons remains invariant and it is only necessary to
exercise care at a given time in stipulating the nuclear characteristics of the
stellar material, i.e., the "composition" throughout the star.

The proper mass of the star exclusive of gravitational energy is given by

2GMr-%
M= [p <1- > av (ke)

2
re

where again the conversion to a proper volume element has been made. Using
these three masses two binding energles can be defined. The gravitational bind-
ing energy, Q, of the star which is taken to be positive and thus opposite in

sign to the negative gravitational energy is given by

2
1l = M - M
( b ) ¢ 1

26M \ 2

- J’pcg[ - 2") -1] av (s)
re

GM, '
- j —— edV (Newtonian approximation)

The binding energy, Eb’ of the star is equal but opposite in sign to the

total energy, E, exclusive of the rest mass energy and is given by
2
-E = E=M-M)c (6)

In equation (6) nuclear binding has been excluded from Eb or E in the sense

that it is included in Mo‘ This choice is arbitrary but is found to be the most
convenient when treating the conversion of nuclear energy into internal energy.

Thus E can increase when M.o decreases as is the case when hydrogen is converted

into helium. At the same time E can decrease as M decreases as is the case when
energy ls radiated away by the star.

Since Mr is related to p and not to o it is convenient to retain p and u

in expressing E so that

-3 -%
S e a (b 2 o)

H-Q. (8)

E

[}




The first term in equation (7) is the proper internal enérgy of the star, which
we designate by H in equation (8). The second term in equation (7) is the
mass-energy of the star minus the proper mass-energy. IZ2 the sign is reversed
this is jJust the gravitational binding energy (taken poaitive), which we |
designated by 8 in equation (5). |

It is now appropriete to expand H and 9, to retain only the Newtonian
(subscript 0) and post-Newtonian (subscript 1) terms and to introduce the

Newtonian term for the rotational energy which we designate by 3*[0. The

result 1s
E w~ Ho-ﬂo+0jo+ﬂl-ﬂl (9)
@1 ” e, c2
~ J'uaV I—pdV+2IrwsinepdV+j'-——udV 2IT‘§pdv. (10)
re

The definition of the various terms in equation (9) will be obvious fram the

order of the terms in (10). In equation (10) w is the ang\ﬂar. velocity and
<) 'is the polar angle measured from the axis of rotation. It will develop that
Ho' - Q, 1s proportional to P and is thus small and coxparable to H, - 8. |
We discuss only cases where 3’{0 is comparable within a factor of ten to these

two differences in the internel and gravitational energy terms.

EQUATION OF DINAMIC EQUILIZRIUM
. Agaln neglecting rotation for the moment, the exact general relativistic
- equation for dynémic equilibrium in the spherically symmetric case has been
written by Mismer and Sharp (1964) and others as

.2 4
¥+ yi = - ;,l-

k18

<l + 222?26y 1_/::'<:2> @,

1 + p/ec?




(12)

» .
where y = u?)ﬂg— a ) + u2 +-—2—é. .
: o PC PC

It will be noted that the left-hand side of equation (9) can be written in
the more éompact form ya(yr)/dat.

We now proceed 1o write equation (11) in the post-Newtonian approximation
and to apply it to small perturbations () about hydrostatic equilibrium.
Conditions at equilibrium will be designated by the subscript eq. It will
be clear that the two terms containing fa can be neglected since I = feq =0
at hydrostatic equilibrium and 8%2 =2 ieqéfeq = 0 to first order. 'This
leaves y2? on the left-hand side of equation (11) where the Newtonian term
in y is unity and the post-Newtonian terms are much smaller than unity in
all applications made in this lectare . After the manipulations on equation (11)
which follow, it will develop that the Newtonian term on the right-hand side
is small and comparable to the post-Newtonian term. Thus it is unnecessary to
retain second order terms in the factor y2 and in equation (1l) we réplace
ya'in y2¥ by unity.

. Since the left-hand side of equation {11) has now been reduced to the
classical Newtonlan acceleration, ¥, with no ambiguities in space-time measure-
. ments, it will be clear that small rotational effects can be introduced in the

apbroximation of the Newtonian centrifugal acceleration, rwesinaé. Thus the

. post-Newtonian equivalent of (1l) for small rotation in supermassive stars is

2GM eV
P ~ ru251n2g - % %% (1 - _25._ 2r + eee) = _53 - hﬂGZr . (13)
pc rc by ¢

Since dp/dr = pGM:r/r2 in Newtonian hycrostatic equilibrium with no rotation,

equation (13) can be written, to the order of the approximations being made in




this discussion » 88

M 26M
$ a~ rafeinZ0 - =L . X (142 r+---)-h—“@3 . (14)
p dr 2 pc2 rca c2

Multiply equation (lh) by rpdV and integrate over the entire star.

The result is

[ roa¥ ~ - [ hxr’ap - I——pdV-f-IrwsindeV
(15)

2
j‘ 2[22pdv bx [ L oav.
c ,

The first and last terms on the r:ight-hand side can be integrated by parts
fromr-OwhereMr-Otor-Rwherep- 0 to yleld

@, G
[ wFoaV =~ sjpdv-no+ayo+j‘ SV -3 [ S edaV.  (16)
rc

From the discussion in the appendix » = (Fk -1u = 1/3 (1 + B/2)u so that
p=~ 1/3u when B is small and it is natural to define a mean value of T,
such that f_pdv = (I"h -1) J'udv. To the approximation of interest we can use
this same Fh in the fourth term on the right-hand side of equation (16).

The result is the virial equation

j‘n*pdv~3(i1-1)xo-o +23*{0+(I-‘-h-l)H-2Q (17)

0 1 1°

Under conditions of hydrostatic equilibrium, 2 = O everywhere and a
simple virial relation is obtained between Ho » no, etc. For numerical calcu-
lations of the binding energy it is most convenient to eliminate Ho in suo-

stituting into equation (8) and the result is

E,, =~ ~—= 8y = —= o+ TH +——— 0. (18)
e 3 (%, - 1) 3 (F, - 1) 3(r, - 1) |




Equation (Al9) then ylelds

Eeq

o]

-— - g - - ‘
Qo-(l-ﬁ)¥°+3Hl+(l ‘3)“1' (19')
For small '5 in massive stars

By L L2 '
~ 5 8 =¥, +3H + 8 (20)

where, in recapitulation

GM
I
8, = f—r—- pdV = LxG fperdr (21)
T = 3/ ruPsinopdV = x I or w2sin’earde (22)
GM
p== bnG 121G
B = [—Zu = ZF fuMar ~ =5 [prMar (23)
Irc c c
¢ 2
3 r o &xG 2
o = 3/ 3 L > Jom “ar. (24)

In the last approximation in equation (23) we have used p = (Fl; - 1uw~ u/3
for massive stars. In equation (20) it will be noted that all terms are small

.when this equation is applied to slowly rotating, massive stars. This circum-

stance arises from the fact that H, - &, in equation (9) becomes proportional

to B through equations (17) and (A19).

10




ADIABATIC RADIAL PULSATION
In order to determine the angular frequency, Ops of the fundamental mode

of radial oscillation equation (17) is applied to & perturbation of the form

or ol
= = = exp(-:.a t) (25)

The result is

2 . BR

- e T - -’ 37 g - -
o  IF ~ :5(1‘l 1) 5H, 5“0*’2”0*'@1 l)le 2% a, (26)

R
2
where I = _fr pav (27)

is the moment of inertia of the star sbout the origin of coordinates. I is
equal to 3/2 the usual momer;t of inertia about the axis of rovation if the
distortion from spherical symmetry is ignored. In deriving equation (26) use
has been made of equation (ASl) in the appendix. Again we overlook the fact
that the average I‘l in the coefficient of SHl is not quite the same as

that in the coefficient of 5}{0. If the oscillation is adiabatic the energy

equation becomes

8E = BH

- . 'T . - =
o = 88, + 8%, + BH; - 58 0. (28)

If equation (28; is employed to eliminate ®H, in equation (28) the result

0
is

Rzz—R—a(sr -L) 8y + (5-3T)) 8%, -2(F, -1) o, - (5-3T,) sa,.

(29)



APPLICATIONS TO POLYTROPIC MODELS

Within the approximations which have been carefully specified, equations
(18) and (29) are quite general. Further elucidation requires that ), etc.,
be specified as functions of the stellar radius R and mass M and that 890,
etc. be related to OBR through these quantities. This can only be done.for
specific stellar models. For our purposes polytropic models specified by the
index n in the relation le+l/n = const or p = const p°l+l/n are of
sufficient diversity and accuracy. '

Considerable simplificatlon arises from the fact that our interest is

concentrated on_slowly rotating, massive stars in which the Newtonian terms

in equations (18) and (29) are small and of the same order of magnitude as the
post-Newtonian terms. This means that the integrals for QO, ﬂo, Hl and Ql
can be evaluated using the run of the variables throughout the star given by
the solution of the classical Lane-Emden polytropic equations without rota=-
tion. In particular it is not necessary to distinguish between Py and-p =nor
between Mo and M in keeping with the general presumption thst Mb-- M is
small compared to either one of them. Only one new physical concept must bde
introduced — namely that for an isolated star? angular momentum must be con-
served tiorough all stages of contraction or of oscillation.

The Newtonian gravitational binding energy in units of Mc2 can be ex-

pressed in terms of the convenlent dimensionless parameter 2GM/R32 as

a
% 5 [z
2 " o) \L2 (30)
Mc Re
80
59
=2 . -%13 . (31)
o
12




result in terms of order Bwa in E or aRa

The Newtonien rotational energy

&,

- be neglected when both B and wa

Rotational terms in and can
are small.

is given in terms of the conserved angular momentum, ¢, by

¥ 02
- (32)
Mc®  2(cim)?
1
2

where for uniform rotation k = (2I/ 3M'R2) is the radius of gyration in uhita
of R end ¢ = kaMRaw = const. Differential rotation will be discussed in

what follows.
all mass eicuzents 1n a star, differeﬁtial rotation requires jwo @ R"'2 Just

as for uniform rotation so that in any case

oY
0 BR
73 = -23 (33)

It has been shown (Fowler 196ka,b) that the integrals for H) and @, in
units of Mca involve the dimensionless parameter (2(24/ Rca) to the second

power as might be expected on general grounds. Numerical coefiicients can be

derived analytically for some polytropes and can be evaluated numerically for -

others. For the quantit:l.es_ of greatest intefest, the result can be expressed

as
2
H
1 v 2oM
5 (=) o
Mc2 n Rc2
2
Q "
1 20M :
5 (] .
M2 2 \Rc? o
2
H ﬁl :
2 1 oM ,
and E—S =5 = -——-) (36)
S Mca Mca D< Rc2 o

Once established under the conservation of angular momentum for



1 " 1]
where, for example, go = 0,08k, o = 0.161, {, = 0. 20k, Qi = 0.116, ¢, = 0.241,
§, = 0.318, §2=0219 §2=oh17 {, = 0.563, ;3=osn:> gsuoszs

{5 = 1.265, Cu = 2,12, ;h = 3.66, and {, = 5.07. Bardeen and Anand (1966) have
shown that ¢~ 5.07/(5 -n)Z.

In any case

BH, CIN SR o _
a0 < 2% (7)
1 1 e
Thus equation (29) becomes
2 = 2 FTY T o L(E o - .=
of I = (3 Ty L) Qy + 2(5-3 I“l) ¥y u(r‘l 1) Hy 2(5-3 r‘l) 0. (38)

The Newtonian terms in this equation are identical to those given by Canandrasekhar

and Lebovitz (1962) in their equation (111). For T, = 4/3 + B/6 and B small

as in supermassive stars

2I~EQO+2QO-%H (39)

9R 2 p - 28

l L]
In those cases where fi and fh can be taken t0 be equal, as for example
when 15 is small and fi_% fL ~ 4/3 + 5/6, then it will be clear from equa-

tions (18), (30), (32), (34), (35) and (38) that

2 = R dEeg = =
op ™ 3(1‘1 - 1) T & | T ~Ty (40)
~ B Efﬁﬂ ' B << 1. (41)
I dR _

This important relation has been previéusly (Fowler 196lka) used in the case of
~non-rotating massive stars and will be discussed further in what follows. A
circumstance under which equations (40) and (41) do not hold will be noted
near the concluslon of this paper. |

In order to make the analysis which follows as transparent as possible it
will prove expedient to specify a particular polytropic index. For massive
stars it is well known that the case n = 3, for which P = constant, yields

a fairly accurate representation for the internal structure. For n = 3,

L




equations (20) and (39) become

E 2 2 o
21 N .33 (3@-> + 1.265.(2@‘) -3 (-—L)  n=3  (42)
M2 8 " \ g2 Re? MR/
‘ 2 2 2 '
2 Mc© |3 . [ 26M 26M )
%% ~ T [3 5(;‘5) - 253(7"2) * (mﬁ) } n=3 (43
c Re . _

These equations display the Newtonian gravitational term in 1/R, the Newtonian
rotational term in 1/17(2 end the general relativistic post-Newtonian term in
1/32. The dependence on powers of 1/R can be replaced by dependence on powers

of the central temperature, T,, by use of the relation (Fowler 1964)

i X
T 5.83 x 10*° (_M_)z |

c R M@ n.-3 (MI-)

ROTATIONAL STABILITY VS. GENERAL RELATIVISTIC INSTABILITY

The fundamental mode of radial oscillation becomes dynamically unstable
when oRz < 0 or o becomes imaginary in equation (25). In the case of no
rotation, ® = 0, it has been noted (Chandrasekhar 1964a,b; Fowler 1964) that
instability sets in for contraction below a critical radius given for °R2 <0 |

in equation (43) by

3/2
6.74 5{ M
Rcru—E—Rg = 3.4 x 10 (%> e ®=0,n=3 (45)

vhere R8 = 20M/ ¢® 1s the limiting gravitational radius or Schwarzschild co-
ordinate radius and P has been evaluated using u = 0.73 for a representative
mixture of S50 per cent hydrogen, 47 per cent helium and 3 per
cent heavy elements by mass. From equations (44) aend (45} the critical central

‘temperature, abo§e vhich instability sets 1n, 1is

Too= L7x00 (/M) %X 0=0,n=3  (us)

15



At the critical radius and central temperature, Eeq reaches a minimum
value and the binding energy reaches a maxirmum value as indicated by equation
(hl). This is illustrated in Figure 1 for M = 106 Wg where Eeq/M3c2, OR and
the period Il = En/aR are shown as functions of R and Tc' In the calculations
I =0.113 MR2 for a polytrope of index n = 3 has been used. The situation can
be understood physically in the following way. To the left of the minimum in
Eeq in the Newtonian range an adiabatic perturbation {constant E) toward smaller
radii leads to more energv than that required for equilibrium and thus, for any
physically reasonable equetion of state, to more pressure than that necessary
for hydrostatic equilibrium. Thus the contraction is opposed. An adiabatic
perturbation toward larger radii leads to less energy and less pressure than
that required for hydrostatic equilibrium and thus expansion is opposed. The
same argument used to the right of the minimum indicates that & contraction
leads to less pressure than that needed for hydrostatic equilibrium while an
expansion leads to more so that the system is dynamically unsteble to adiabatic
perturbations. It will be noted that the minimum Eeq given by -QBQMCE/ShQn(S-n)a
has magritude 0,028 EeMcg ~fM3c2, which i1s independent of the mass M, and
that the minimum period during stable contraction is of order of one year. In

general the minimum period is given by

nmin

1.7 x 1072 (W/M,)? yr ©=0,n=3 (47)

The critical temperature is only 1.7 X lO7 k for M = 106 MD and this is
considersbly below the temperature of 8 X 107 %k which, it has been previously
noted (Hoyle and Fowler l963a) is necessary for hydrogen burning through the
CNO bi-cycle. This means that there is no source of the energy required for

7 14

hydrostatic equilibrium above 1.7 X10 % or for contraction below 3.5X107 cm

so that the instabllity results in gravitational collapse until the onset of

18
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Fig. 1. The binding energy and the frequency and period of the fundamental

mode of radial oscillation in a non-rotating star with mass equal
to 10° N,.



nuclear burning. The resulting relaxation oscillations for M < 106 MD have

lecture

been discussed in the previous ;. For M > 106 %3,.the onset of hydrogen burn=-

/i
ing is not sufficient to prevent continued gravitational collapse in a
non-rotating star. This has placed a sericus limitation on the energy avail-
able in that model which depicts quasars as non-rotating massive
stars undergoing relaxation os#illations siace Lydrogen buraing in a star with_
M= 106 MD ylelds only ..1058 ergs and the required energies are in some cases
of the order of 100 times this figure.

- In equation (43) the general relativistic term which leads to instability

varies as R-2 and is negative. For constant angular monmentun, ¢, the rota-

tional term also varies as R"2 but is positive. Thus for large enouzh &, the

general relativistic instability discussed sbove is removed by rotation. In

physical terms the rotatlion prevents the gravitgtional collapse which would
otherwise resul£ from the general relastivistic instability. Relative to the
nngnitude of the angular momentum common to astronomical systems the required
¢ 1s quite small. For the rotational and general relativistic terms in equa-

. tion (43) to cancel, the critical angular momentum for stability is given by

o+ (@RFEE ()

vhere we have generallzed to any n. Since the angular momentum is conserved'
it is simplest to calculate ocr at the stage where the stellar mass is
dispersed uniformly as a gaseous cloud. In this case n = 0, k2 = 2/5 and
§o = 0+204 s0 that
er 15/u) 2 -
w = 3-6x10 (—;—-)cm sec . (49)
© 4
.Even for M = lO8 MD this angular momentum per unit mass is very small compared
to the typical value, 1090 2 sec'l, which applies to the rotstioa of the

solar system in the Galaxy.
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The rotational effects are illustrated for a star with mass M = lo8 Lb
in Figures 2 and 3. Figure 2 exhibits the dependence of E(_M_l/Lt:)c2 on R and
Tc vhile Figure 3 shows the dependence of the period Il on these same quanti-
ties. The curves have been calculated for £ = 0, 0.99, 1 and 2 vhere f 1is
the ratio of the rotational energy to the "general relativistic" energy repre-
sented by the post-Newtonian terms in equations (20) and (36). For a given
angular momentum f remains constant during homologous contraction. The
calculations have been made for polytropic index n = 3.

It will be noted that dynamic stability at the temperature required for
hydrogen burning through the CNO bi-cycle sets a lower limit on f equal to
unity. For reasons to be discussed in the next section large values of f are
irrelevant since angular momentum loss occurs if the original angular momentum
is very large. The period of the fundamental radisl oscillations at hydrogen
burning varies rapidly with f being of the order of 1 year for £ = 1 and 10 days
for £ = 2. It is extremely doubtful, however, that small amplitude, linear
oscillations characterized by exactly these periods will occur.. From the work
of Ledoux (1941) and of Schwarzschild and Hirm (1959) it is more probable that
large amplitude, non-linear pulsations will be set up at the onset of nuclear
burning. The energy generation will indeed take place in a relatively short
period followed by a longer period of expansion to large radius and then re-
contraction during which the energy is transmitted to the surface of the star
and radiaied away. Relaxation oscillations of this nature in supermassive
stars have been previously discussed and the possible connections with the
periodicity and exotic forms of energy emission in quasi-stellar objects have
been pointed out. Only one point need be added to that discussion: wvariations
in the magnetic field which accompany the oscillations will accelerate electrons

to relativistic energies through the betatron mechanism.
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Here we emphasize that rotation extends the mass range in which stable
relaxation oscillations triggered by hydrogen burning can occur up to masses
of the order of 108 MD or somewhat more. This extends the available muclear
energy in such objects to at least 1060 ergs. These limits were 106 ND and
lO58 ergs without rotation. With rotation as the stabilizing agent, a star of
mass lO8 WD can serve as the energy source in a quasar with total luminosity
equal to 2 X lOhs erg :sec-l for a period as long as 106 years as noted in the
Introduction.

For the record we note the period in supermassive stars with £ = 1, n = 3,

K> = 0.075, u = 0.73:

S R A

no= =
BGM BG p
£
3
= 2.8 x 1072+ RT<%> yr n=3 (51)
RERWAR | :
= 3.9 x 10’ T v;\-%) yr. n=3 (52)

This is just the Newtonian period without . -tation for small B.
In equation (50), § is the mean density oi -.e stellar matter. Note that for

f = 1 the rotational energy just cancels the post-Newtonian general relativistic
energy in equation (43). Equations (50) to (52) are derived from the Newtonian
term in equation (43). Figure 3 illustrates the rapid decrease in II as f is
increased.

In concluding this section it can be pointed out that any physical phenome-
non which leads to a positive term proportional to 1./R2 in the binding energy
equation (42) will, if large enough, remove the general relativistic instability
in supermassive stars. Thus turbulent kinetic energy assoclated with convection
or internal magnetic disturbances scales as l/R2 and will be effective in this

regard. This has been discussed by Bardeen and Anand (1966).
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THE LIMIT OF ROTATIONAL STABILITY

Even though the rotation required to remove the general relativistic in-
stability is quite clearly available under typical astronomical eircumstances
as discussed in the previous section, the guestion arises whether the required
angular momentum will lead to equatorial instability before sufficient con-
traction and high enough central temperature for hydrogen burning is reached.

It is first necessary to prescribe somewhat more precisely the central
temperature required for hydrogen burmning through the CNO bi-cycle. Equatién
(27) of the preceding lecture gave the averasge energy generation per gm per
sec, E, throughout the star and, when multiplied by the mass, this yields the

nuclear energy generation rate as

_ 3 -
ME ™~ 8.8 X 10’“‘ (-&) it erg sec 1 (53)

Nb ¢
When ME from equation (53) is equated to L from equation (1) it is found that
the central temperature, Tcn’ required for nuclear energy generation through

the CNO bi-cyele is

1/22
T ~ 2.5x10 <-‘-‘-) %k [CNO bi-cycle] (s4)

cn lb

so that Tcn ~ 6 X 107 °K for M = 108 M,. This is lower than the estimate,
Ty ~ 8 X 10’ °K, found originslly by Hoyle and Fowler (1963a) but is somewhat
more precise. It will be noted thet the critical central temperature, equation
(46), for general relativistic instability is less than that required for
hydrogen burning, equation (54), for all masses M2 4 x 10° M- This empha-
sizes the limitation on non-rotating models for supermassive stars.

With the required temperature in hand it is now necessary to ascertain the
limiting central temperature at which rotation, governed by the conservation

of angular momentum, leads to the equatorial instabllity characterized by loss

of mass at the equator. It is probably true that a star survives this instability



and that nuclear energy generation at the center is not terminated by the loss
of mass at the surface but none-the-less this limitation is well worth investi-
gating in some detail. The analysis which has been made to the present point
in this paper has been limited to spherical symmetry in the post-Newtonian
approximation. Thus the conclusions to follow require that the angular momenta
considered be gmaller than the critical angular momentum at which distortion
from spherical symmetry is large.

The problem is best discussed in terms of angular velocity rather than
angular momentum since the critical limiting angular velocity is given quite
simply by equating centrifugal force to gravitational force. In terms of

angular velocity the rotational energy can be written as
_ 2 2
Y, = 3K MRS o2 (55)

Equation (55) has been written to include the case of differential rotation;
W = w(R) is the angular velocity at the equatorial radius and K is a constant
which can be determined when w = w(r) is specified as a function of the radius.
For uniform rotation w = W and X = k, the radius of gyration in units of R.

When differential rotation is considered the rotational instability may
first occur at an arbitrary radius in the equatorial plane. It will be suffi-
cient for our purposes to consider instability at the periphery and at the
center. In the first case the critical angular velocity for instability is
glven by

2

“er

]

Tl
1
wiF

nGp, at r = R, (56)

where p is the mean density of the stellar material. In the second case the

critical angular velocity is given by

w? ooz} ok tr=0 ~ (57)
er ~\ 3 = 3%, , atr =0,
C

r

2l




where Pe is the central density. Note that

= . (oot
o P[P
(s8)
= 7.37 n=3
Equations (55) through (58) can be manipulated to yield
Y
O _ 1i3R 2_@4.)¢ 1 (59)
M2 t Re2 R?
where a = mR/wCR , (60)

which 1s convenient when the instability first occurs at the periphery, or

- (3 @6

which is convenient when the instability first occurs at the center. The angular
velocity at the center is designated by w, = w(0). For uniform rotation
W, = Wpe In this case instability first occurs at the periphery and equation
(60) should be used although (61) is formally correct.

For a given type of differential rotation uR/wc is a fixed constant. It
will be assumed in what follows that equatorial instability sets in for
uR/wCR =1 or wc/wcr = 1 and that engular momentum transfer to a small amount
of mass lost by the star keeps the appropriate ratio constant thereafter. When

1 and not to R~ as was the case

this is the case Yy /Mc® is proportionsl to R~
before the onset of equatorial instability.

It should be noted that equation (59) should not be taken to imply that
the factor 2 does not appear on the right hand side of equation (33). Equation
(59) applies to the relatively slow changes between equilibrium states. ‘During

the faster changes which occur during small radlal oscillations it would seem




reasonable to assume that angular momentum is conserved. Then equations (33)
and (39) can be employed as written with ¥, evaluated from (59) with o given
by equation (60) or (61). Under the circumstances it will be clear that equa-
tion (41) no longer holds and that dynamical instability (oéz = 0) no longer
sets in at the minimum in the equilibrium energy curve.

In order to illustrate these points in the simplest possible manner,
consider only stars for which K%aa > E so that Ebo/2 can be neglected in
comparison with ¥, in equation (20) and with 2y, in equation (39). Then

from equations (20), (36) and (59) one has

Bepoas@ay o

Mc Mc Re®

When thie is differentiated with respect to R with all coefficients held con-

stant the maximum binding energy Egax = IEez%nl

B . g

is found to be

o] 63
and occurs at the radius
%n <.2_GM;.)
K2 \ ¢2
(6k4)
6
3.0 X 10 (_y_)cm ie3
o2 \b
and at the central temperature
12 % J
T (E2%) ~ 1.95 x 10 Koo (i) n=3 (65)

It will be noted that Eﬁax is independent of the original angular momentum
¢ possessed by the star before the onset of angular momentum transfer. It can

be shown that this is only true if the original angular momentum was large
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enough that the original rotational energy was equal to or greater than twice
the post-Newtonian relativistic term. If this is looked at from another point
of view it becomes clear that angular momentum transfer or loss will automatic-
ally reduce an originally large angular momentum to the point where the rota-
tional energy is given by equation (59) and the maximm binding energy by
equation (63). The consequences in terms of gravitational and nuclear energy
release will be emphasized in what follows. A mechanism for the loss of large
amounts of angular momentum has been discussed in the case of the sun by Hoyle
(1960). It need only be argued that such a mechanism can be effective for
supermassive stars as well as has clearly been the case for the sun and other

stars.

of - B |yt (), (). D

Re

- () [ (. (2]

R
(64) and at twice the temperature given by equation (65). Thus the critical

Thus instability sets in with o, = 0 at one-half the radius given by equation

radius for instability is

6
2 1.5x10° [ M
Rcr==R(uR =0) =~ <>m n=3 (67)

k%P

and the critical central temperature is

¥

When '500/2 is neglected in equation (39), it becomes

'
=0) = 3.9x102 K2 <%> °% n=3 (68)

T = Tc(o

2
cr R

These equations are to be compared respectively with equations (11) and (12) of

2

|

|

the previous lecture. It will be apparent from equations (20), (39) and (62) ‘
:

that the binding energy is zero where o, = O. The maximm value for Op Or

2k



the minimum period occurs when the binding energy is a maximum. When 300/2

is not neglected, o 2

R = 0 occurs between E min and E = 0.
eq e

q

For uniform rotation K= = k° = 0.075 for s polytrope of index 3 and thus
T (E°*) 15 only 1.5 x 10’ °K and T__ is only 3 X 107 %K for a star with
M = 108 M, even when the meximm o = QR/wbR =1 is used in equation (67).
This 1s not sufficient for hydrogen burning since 6 X lO7 % is required by
equation (54). The limiting mass which can be stabilized by uniform rotation
during hydrogen burning is approximately 107 MD'

Differential rotation with an increase in angular velocity toward the
center of the star results in a marked increase in K? and thus in Tmax’ Two
models with differential rotation have been considered. In the first model
the massive star is assumed to contract from a cloud with polytropic index
n = 0 to a structure with index n in such a way that each spherical shell
retains 1ts angular momentum. This model is not self-consistent in that the
Newtonian equation for hydrostatic equilibrium cannot be satisfied by a poly-
tropic relation between p and p when the centrifugel forces are not neglected.
The second model is that of Stoeckly (1965) in which the star contracts in such
a way that the angular momentum is conserved in each cylindrical shell (but
not each ring) parallel to the axis of rotation. In this model the polytropic
relation may be employed when centrifugal forces are included in the equation
for hydrostatic equilibrium. The results for the two models are fortunately

very similar as will be noted in the following tabulation:

n 0 1 2 3 4
K° (spherical model) 0.400 0.629 1.4 2.61 10.8
¥° (cylindrical model) 0.400 0.62k 1.10 2.47 9.8

In the spherical contraction model the angular velocity throughout the
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star relative to that at the periphery is given by

M
(69)

G/

of €

where B; is the mean density internal to r and 3, as before, 1s the mean
density for the entire star. The maximm angular velocity occurs at the center

and is given by

(pc/3)2/3
2/3 (70)
(54.18) = 14.3 n=3

up

/

where Pe is the central density. Equation (70) has been evaluated for a
polytrope, in this case n = 3, in spite of the lack of self-consistency noted
above. For the case of cylindrical contraction, for which the polytropic model
can be employed without difficulty, the numerical value in equation (70) ve-
comes 10.9 instead of 1k.3.

It will now be clear from equations (58) and (70) that rotational instabil-
ity vhen centrifugel forces match gravitational forces occurs first at the
center rather than at the periphery in these cases of differential rotation.
Thus equation (61) is to be employed at this point rather than equation (60)
in determining the consequences of differential rotation.

The critical temperature given by equation (68) occurs at zero binding
energy and requires that a large supply of energy become avallable after the
mxinnnﬁ binding energy or the minimum total energy is reached at one-half the
eritical temperature. Thus 1t would appear that nuclear energy generation
mst at least start at tl'c(ligax ) eand so this temperature will now be computed.
For the contraction with angular momentum conservation in each cylindrical

shell up to the point of rotationsl instability in a polytrope of index n = 3
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it is found that K° = 2.47 and 0® = 0.456 (uc/wcr)a. Thus

2

 (£2%) ~ 2.20 x 10%2 G‘-’—) (-M-Sf (71)

cr

If this temperature is equated to Tcn from equation (Sh), the solution will
yleld the maximum mass in which nuclear energy generation is triggered before
the maximum binding energy 1s reached. The result is
11/3
% < 10” <;‘5—> (72)
cr

Equation (72) indicates that the limiting mass is quite sensitive to the
choice of wc/wcr, i.e., to the value of the angular velocity w, at which
centrifugal forces may tend to disrupt the star rather than lead to stable
angular momentum transfer and small mass loss. If wc = wcr then M < lO9 MD
but a more conservative cholce would seem to be M < 108 MD' In Figures 2 and
3 which are drawn for M = 10° M, the rotational limit indicated is for
(wc/wcr)2 = 4. This limit has not been reached at 6 X 107 °K at which hydrogen
burning takes place.

It is of interest to calculate the maximum binding energy, equation (63),
for the example discussed above with K = 2.4, of = 0.456 (wc/wcr)2 and

= 1,265, The calculation yields
3

X

W

[+

5 ™~ 0.016 (;——) (73)
cr

Mc

Again the result is quite sensitive to the choice of wc/wcr but for the maximum
reasonable cholce of unity it i1s seen that Eﬁax can be 1.8 per cent of Mc2
which is about 5 times that from the burning of one-half the hydrogen of the

star. Since this energy must be lost during contraction it is another source
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for the observed energy emissions in quasars. It will be noted this arises
fundamentally because the coefficient of Y, in equation (19) is 1-B and B
is small in supermassive stars. In ordinary stars B =1 and the term in

¥, in equation (19) venishes; the binding energy is gno with or without rota-
tion since rotational energy and internal kinetic energy enter into the virial

theorem in the same menner.

DYNAMIC AND ROTATIONAL PERIODS

The dynamic period of the fundamental mode of radisl oscillation has been
given in equations (50) through (52) for the case in which rotation is just
large enough to cancel the post-Newtonian term in equation (43). If rotation
is limited only by equatorial instability the rotational term is larger than
the term in B in equation (43) and is also larger than the post-Newtonian
term in equation (66) during the early stages of contraction. Hydrogen burning
occurs during this early stage except for M 2 109 Lb. Thus a useful approxima-

tion for the dynamical period with large rotation is

4
6 K R>
" <K2d2 GM) )
3
~ 5.5 x 1072 g (%) yv n=3  (15)

~ 7.7 % 107 T;i (—M—)& yv n=3  (76)

Y%

In deriving (74), I =% k°MR? has been used. The mmerical values are for

n=3, k> = 0.075, ¢, = 1.268 K = 247, o = 0.456. When the temperature
» 5 2 b4

required for hydrogen burning, equation (54), is substituted into (76) the

result is 2

M) ~ 6.1x 107 (%)ﬁ yr

2 n=3 (77)

11
~ 0.22 (—’-‘-) day

%
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so that the periods during nuclear energy generation range from ~ 1 to 6 days
| for M = 10° to 10° .
A minimum is eventually reached in the period as the post-Newtonian general

relativistic term becomes important. This minimum period is given by

3
256nkt oGM
Totn ™ sx"o?‘n (c3> (78)
~ 2.6 x 1071 (f@ yr n=3  (79)
~ 1.0 x 1078 (;‘é) day n=3  (80)

The minimum period is very short being the order of only one day even for

M = 10° M. The periode given in (7%) through (80) are quite sensitive to the
choice for wc/ wcr in @ and could be an order of magnitude greater for a more
conservative choice than the wc/ Wop = 1 used here.

If equations(56) and (60) are employed it can be shown that in thé eerly

stage of contraction the rotational period at the periphery is glven by

‘i
- S Lx°R
R T Yy <cx2 GM) (&)
21{2%
~ <—3;2-> I = L, n=3 (82)

The central rotational period is en order of magnitude shorter. As contraction
proceeds II approaches a minimm while PR does not. At the minimum in II

it is found that

2 3
Pl , ) = (6—1—‘-2-> Ly, = 230, (83)

The peripheral velocity is given by
] Lo
Vg = NR R = < R > (84)
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so that

Fl-

V.
R -1 (M 3 -
- ~ 10 ("’o) T, n=3 (85)
For T, = 10 %K ana M = 108 M, the peripheral velocity is 10% of the velocity
of light.
. RN
)
W v PR CONCLUSION

The results presented in this lecture constitute an extension of the |
previous lecture material on relaxation oscillations in supermassive stars. |
It has been shown that a relatively smell amount of rotation is sufficient to
remove the general relativistic instability which arises in such stars when
rotation is absent. The post-Newtonian equations for the binding energy and
for the frequency of the fundamental mode of radial oscillations have been
derived and close connection between these two quantities has been exhibited.

The equatorial instability associated with contraction under rot.ation has been
investigated and the results used to estimate the limiting mass in which
hydrogen burning can be effective as a source of energy during relaxation
oscillations. For differential rotation this limit is found to be at least
108 Lb and perhaps as high as 109 MQ whereas, without rotation, the limit

arising from general relativistic considerations is 106 MG)' For uniform

rotation the limit is 10' Mye w



LECTURE 1V

APPENDIX

In this appendix the relations used in the main text between the internal
energy density u, and pressure p, both in erg cm-s, are discussed and the use
of various expressions for the "effective ratio of specific heats" is clarified.
It is sufficiently general for our purposes to consider the medium to be
epproximately non-degenerate and to be made up of nuclei, ionization electrons,
electron-positron pairs and radiation as treated in detail by Fowler and Hoyle

(1964). Then from equations (B52) and (B43) of this reference one has

u = xnkT + 2n+ mec2 + aTLk (A1)

N

P = qnkT + % aT (A2)

where n = Ny + ny + 2n+ is the number density of all particles -- lonization
electrons, nuclei and electron-positron pairs, x is the mean kinetic energy per
particle in units of kT and q is a factor, close to unity in value, which in-
corporates the deviations from Boyle's Law in the gas. The internal enérgy
density includes everything except the rest mass-energy density, p°c2, of the
nuclel and the assoclated ionization electrons.

The number density of paired electrons and positrons is

2 2\%
2n_ =~ (no + hnl )2 - D (A3)
where
P Z
‘ = = 9 _ 23 Z
ny = Zny T 6.02 x 107> p_ % (A4)

is the original number of ionization electrons, ny 1s the number density of
nuclel, P is the rest mass density, Mu is the atomic mass unit, Z is the mean

number of free electrons per nucleus, A is the mean nuclear mass plus that of
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associated electrons in atomic mass units, and

1 [T

In (AS), z = mec2/kT and Ka(z) is the modified Bessel function of second order.
Numerically one has

exp (-5.93/T) ™ T, <3 (as)

29  3/2
Tg 9

n, = 1.521 x 10

~ 1.688 x 10°° T93 cm™> Ty > 3 (A7)

Because of the low density in massive stars for a given temperature, the
number of positrons end paired electrons becomes comparable to the number of
ionization electrons at relatively low temperatures, e.g. at S X 108 %% 1in a
star with M = 108 WD’ This is asbove the temperature for hydrogen to helium
conversion however.

The factor x in equation (Al) is equal to 3/2 for non-relativistic,
non-degenerate electrons and nuclei and has been tabulated for relativistic,
non-degenerate electrons by Chandrasekhar (1939) as U/PV in Table 24, p. 397.
The entries in this table also apply to the pair positrons under relativistic
non-degenerate conditions. Although the entries in the table range from
x = 3/2 up to maximum value, x = 3, there are circumstances (Fowler and Hoyle
1964) under which x can be as high as 3.15, in which case q = 1.05. At low
temperatureé pairs can be neglected, the electrons and nuclei may recombine
into atoms and molecules and in any case x can be found in terms of the

specific heat at constant volume ey or the ratio of specific heats y from
’ a(xT : 1
T N " 71 (48)

Wnen X 1s constant, one has

xscv--y—]ji (A9)



Under the circumstances of major interest in this paper, the nuclei are ionized,
the electrons are non-relativistic and non-degenerate and pairs can be neglected.
Then 7 = 5/3 and x = ey = 3/2.

If B = qnkT/p is introduced as the ratio of gas pressure to total pressure
end 1-8 = aTh/3p as the ratio of radiation pressure to total pressure, then
from equations (Al) and (A2) the dimensionless ratio of internal energy density

to pressure is given by

% = 3 - (B/q) [3q - x - z(2n+/n)] (Ad0)

As is required relativistically this ratio approaches 3 at very high tempera-
tures independent of B since then kT >> meca, z +0, x/q + 3 and 2n+ + n.
When pairs are first copiously produced this ratio can exceed 3 under certain
circumstances. The relativistic behavior for B 1s discussed in detail by
Fowler and Hoyle (1964); it passes through s minimum near zero in massive stars
but increases to a limiting value, B = 7/11, at high temperatures when pairs
become copious.

The customary non-relativistic expression for u/p is found by setting
q=1, x= (7'—1)-1 and n_ = O so that

B(Sy‘ﬂ ) NR (All)

8 a Eorsap) - 3(7'117:1
It is convenient at this point to introduce a quantity which is very similar
to the adisbatic coefficients T'), ' and T'; defined by Chandrasekhar (1939)
pp. 57 and 58. We denote this quantity by Fh and define it by

Ph-l = p/u
1
3 - (B/a)l3q - x - z(2n7nﬂ (A12)
-1 -1
3(7-1)7- Blar-k) T 1+ (135)(37-1;) MR (AL3)

33




b (/) - x - a(en /w)) ' |
Thus b 7 3-(8/))(3q - x - 2(20/n)] ()

(8/a){3q - x - z(2n_/n)]

L
37 9 - 3(B/q)(3q - x - z(2n+/n)] (“5)4
L(y-1) - B(3y-4

ol oy = 5%5.% NR (a16)
b 3y-b |

~ 3t 9(;?_)({ 3?3(37-14,7 NR (A27) -

It will be clear from the definition of Ph that averaging over the

entire volume of the star ylelds
Joav = [(ry-1uav = (T,-1) Juav (a18)

The appropriate mean value for l‘h is that obtained by averaging over each
element of internal energy, udvV.

Extreme relativistic conditions arise when x = 3q and z = O in (AlbL) or
(A1S) in which case Iy, = ’4/3 as expected. Under intermediate circumstances
PL; can be found by using (Al4). However, under the circumstances of major

interest in this paper, (Al6) with 7 = S/3 4is applicable and

8 - 38 '
Ty, ~ =38 y = 5/3 NR (A19)
L B
~ 3T+E B << NR (A20)

where the second approximation holds for small 8. Tnils is the same approxi-
mation that holds for the first of Chandrasekhar's adiabatic coefficients,
ry=-4d tn p/d InV when B is smll. As a matter of fact in massive stars
during hydrogen burning ‘B 1is quite small being given by (Fowler and Hoyle
1964) |

%
B o~ 120 (%i) M>10ul4b NR - (A21)

m
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where p = A/(Z+l) is the mean "molecular" weight. Note that B ~ 10" for
8 -
M = 10 MD and u = 1/2 (hydrogen). As discussed in the main text it is the

smallness of P and the closeness of T'. and Fb to h/S which makes the Newtonian

i
terms in the binding energy and pulsation frequency correspondingly smsll and
thus brings the rotational and general relativistic terms into prominence in

these quantities. It will be noted that Pl

specific heats under appropriate circumstances.

and Ph are effective ratios of

In the above analysis the ratio p/u at a given time and position in a
star has been equated to Fk-l‘ In addition it is necessary to establish rela-
tionships between ©p and du eand between bfpdV and SfudV when the star is
subject to an adiabatic perturbation at all points. The general relativistic
adisvatic relation is

8Q = 8(oc2V) + BV = 0 (A22)

wnere it is required that the volume V apply to a fixed number of baryons
throughout the adiabatic change. This requirement follows from the generally

accepted physical law of the conservation of baryons. Under the conditions of

interest in this paper the only baryons involved are protons and neutrons, free
or incorporated in nuclei as nucleons.

In order to proceed it is necessary to recall once agaein the relation

b
-33 s 'P1§v! (A23)

by which Chandrasekhar's first adiabatic coefficient is defined. If equations

(A22) and (A23) are eppropriately manipulated it is found that

p _ r —0%p (A24)
)& 1 2
p + p/c

and

5(pv) = . -1 (A25)




Under some circumstances it is of Interest to consider adiabatic changes duiing
which no nuclear or atomic processes occur s0 that the rest mass associated
with a given number of baryons (or nucleons) does not change. Under these
circuzstances PV 1s en invariant and b(pcav) - B(pocav) + B(uvV) Dbecones

Just équal to &(uv). Then

5p 80,
> - ry 1¥: (pov = const) (A26)
8(p/p )
B(oV o
and
55 _ 11 p - ! (T, -1) - (p V = const) (A28)
Su L U Fh 4 Po nstle

Now consider the variations 8Ibdv and 6IudV corresponding to adiebatic

changes made throughout the entire star. These can be written respectively as

sfoav = 8f(eV) §F = v F = f(r,-1) sw) F (429)
and '
sfuav = 8f(w) & = o) &F . (430)

The second equality in each of these equations derives from the fact that dv
and V nmust each apply to a fixed number of baryons during any perturbation.
Thus dV/V is replaceable by dNB/NB vhere N is the total number of baryons in
the star and is therefore clearly invarient to any pérturbation under considera-
tion. In the last equality in (A29), equation (A27) has been used. Then,

since Fl and its average Pl over udV are constant to first order during any

perturbation, it ultimately follows that
8/pav = 8[(r,-1)uav

= (fi—l) 8 fuav (pgv = const). (A31)




It will be clear that Fh is not constant during an adisbatic perturbation
and, in fact, it can be shown that

sru

-1 - (r,-ry) %} (a32)

Comparison of (A31) with (A18) indicates that Fl replaces fL in relations
involving adiasbatic perturbations. To first order in small B, Pl and Ph and

hence Fl and fL ere equal. This can be seen from Chandrasekhar's non-relativ-

istic expression for I'; which corresponds to (A26). This expression is

2
fp =~ P+ 3‘1'512%7-8&36) (NR) (A33)

L 4p-38°) (37-4)
3 36(&-1) - 36(127-13) (NR) (A3k)

32 - 2u4p - 352

~ oh-21P 7 = 5/3 (MR) (A35)
~ % * g’ =~ T p < <1 (NR) | (A36)

Fowler and Hoyle (1964) p. 289, give the relativistic expression for Fl when
pairs are included. Actually Pl does not differ greatly from Ph over the range
0 < B s 1 as illustrated in Table Al. The two are equal at the two extremes of
this renge with T') =T = L/3 at B = O and r, =T, = 5/3 at B = 1 for 7y = 5/3.

In addition for small B, Pl end Fh are equal for any 7y since

~ b B 2o b/3
Py ~ T, ~3+5 4 B<l (NR) (A37)

For convective stabillty it is necessary that

dinp , p dinp (CONV, STAB.) (a38)
dr 1l dr
(1965b)

Chandrasekhar‘(has shown that this is a necessary and sufficient condition in
general relativity except in very special physical situations involving only

small regions in e star where the effect of general relativistic modifications
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LECTURE IV

TABLE Al

VALUES OFI‘IANDI‘h FOR 7 = 5/3

B 0 0.01 0.1 0.2 0.3 0.k
ry 1.333 1.335002 1.350 1.368 1.386 1.k05
Ty, 1.333 1.335008 1.351 1.370 1.392 1.h17
B8 0.5 0.6 0.7 0.8 0.9 1.0
ry 1.k26 1.449 1.476 1.511 1.563 1.667
Ty, L.l 1.476 1.512 1.556 1.606 1.667




is not of crucial importance. Since p and p usually decrease with r It iu

often convenient to use (A38) rewritten as

'i—é-;‘—ﬂl < T I%ﬂ (CONV. STAB.) (A39)

l+l/n

For a polytrope at index n with p < p this yields

1
(} + ;) < Fl

n o> =—= (CONV. STAB.) (A40)

or

> 3(1 - g/2) T, < 1

Thus the polytrope n = 3 which has been used extensively throughout this

lecture is convectively stable except when electron-positron pair formation
reduces Pl below h/5 in the range 1 < 'I‘9 < 3. Formation of other particles
will reduce Fl below 4/3 in additional ranges at still higher temperatures.
An important quantity in the considerations discussed in this lecture is
E, the ratio of gas pressure to total pressure averaged over the internal
energy distribution in the star. See, for example, equations (17) and (19).

It can be shown from the analysis of Fowler (1964) and Fowler and Hoyle (196k4)

that, for massive stars, Sn+l
B fo b £2 ae
B8 = n+l (Ahl)
c f@ 62 a

where © and €& are the customary dimensionless variables in the Lane-Emden

equation for the polytrope of index n and

a2, B
mB, = (= (n1)® —2 ( ) (a42)

c G:S}é

Numerical values for uBc(M/l%)2 and pB(M/M )% are tabulated in Table A2.

Note that the latter quantity is approximately independent of n. In Table A2
Rn and Mn are the constants of integration corresponding to radius and mass
respectively for the Lane-Emden equation.
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LECTURE IV

TABLE A2

n | R M, 0/? 86, | we,0w)¥ | uBOw)E

0 2.4hok | 4.8988 1.0000 | 1.8729 2.3569 4. 4142
0.5 2.7528 | 3.7871 1.8361 | 1.5525 2.8088 4 .3607
1.0 3.1416 | 3.1416 3.2899 | 1.3634 3.1743 4 .3278
1.5 3.6538 | 2.7141 5.9907 1.2343 3.4879 4.3051
2.0 4 ,3529 2.4111 11.4025 1.1383 3.7691 4,2900
2.5 5.3553 | 2.1872 23.4065 | 1.0625 L .0299 4.2817
3.0 6.8969 | 2.0182 54.1825 | 1.0000 4.2788 4 .2788
3.5 9.5358 | 1.8906 152.884 0.9465 4.5237 4 .2817
k.0 14.9716 1.7972 622.408 0.8992 L,7734 4, 2922
4,5 | 31.8365 | 1.7378 | 6189.47 0.8558 5.0416 L.3146
5.0 ® 1.7321 © 0.8136 5.3727 4.3712
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Nuclear Energy Generation in SBupermassive Stara*
WILLIAM A. FOWLER

California Institute of Technology, Pasadena, California

N bb 2&33!

I. INTRODUCTION
Since the pioneer work of Hans Bethel it has been known that the reactions
of carbon and nitrogen with protons are the most important source of energy in
main sequence stars with mess greater than a value approximately equal to that
of the sun. Detalled analysis of the experimental reaction rates in the CN

2,3

cycle and the proton-proton chain has indicated that the cycle supplants

the pp chain as the main source of energy in Population I stars at a central

! °k and at a somewhat higher temperature in Population

temperature near 2 X 10
II stars. This is illustrated for Population I stars in Fig. 1. BSince the
central temperature in the sunh is 1.6 X 107 %k and since central temperature
increases with mass, it follows that the crossover point occurs in stars with
mass definitely in excess of the solar mass. Experimental studies of the rates
of the reactions of the oxygen isotopes, 016 and 017, with protons has shown
that these isotopes react rapidlys at elevated temperatures with the cyclic
production of Nlh. The overall result is the CNO bi-cycle which is depicted
in Table I.

At the present time there is some interést in the operation of the CNO
bi-cycle in stars with mass in excess of 10° solar masses M 2 10° "D) which
have been termed supermassive stars. It has been suggesteds'l3 that nuclear

and gravitational energy release in supermassive stars is sufficient to meet

%*
Supported in part by the Office of Naval Research [Nonr-220{47)], and
the National Science Foundation [GP-5391].
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the energy requirements in quasi-stellar objects or quasars and in extra-
galactic radio sources. This suggestion has been discussed in detail in the
references just cited and will not be further elaborated upon in this paper.
It will suffice in Part II to establish an average energy generation per unit
mass and per unit time in supermessive stars which is demanded by this sugges-
tion. Nuclear energy generation in supermassive stars is of interest per se.
The paper then continues with an analysis in Part III of energy generation
through the CNO bi-cycle using the latest nuclear reaction rate data. The
central temperature at which the required energy generation is met is determined.
In Part IV the general relativistic instability which arises at very low
central temperatures during the early stages of contraction in supermassive
stars is introduced. The effects of uniform and differential rotation are
discussed and a comparison made between the limiting temperature for dynamic
stability and the required mxcl_ear temperature. The limiting masses for opera-
tion of the CNO bi-cycle under stable conditions are found to be approximately
10° M, 10 M, and 207 M, for no rotation, maximm uniform rotation end mextimm

differential rotation respectively.

II. AVERAGE ENERGY GENERATION REQUIRED IN SUPERMASSIVE STARS

We first seek the average energy generation required in stable supermassive
stars. On the basis that such stars are largely convective polytropes of index
n = 3 except near the surface where the flux transport is enti'rely radiative,
and that radiative pressure is lerge compared to gas pressure, it is f‘ound6
that the luminosity L 1s proportional to the mass M according to the rela-
tion

L ~ bxcae™t (1)

vhere c¢ 1s the velocity of light, G is the gravitational constant and x 18



the opacity. The effective surface temperature is found to be so high
(~7 x th °K) that hydrogen and helium are effectively wholly ionized at
the photosphere and the opacity is primarily due to electron scattering,

k = 0.19 (1 + xﬂ), vhere x, is the fraction by mass of hydrogen. Numeric-

ally Eq. (1) becomes

2.6 X 10 M -1
L 1+ %, 7 ergs sec (2) |
L 1.3 x 10° a1 -1
or 5~ 1+ %, ergs gm ~ sec (3)

The luminosity-mass ratio given by Eq. (3) yields the average energy genera-
tion per unit mass and per unit time in a supermassive star. ©Since xﬂ is

less than unity we have to order of magnitude

ESMS ~ 10° ergs gm‘l sect (&)

The energy released in the conversion of hydrogen into helium is
6 X 10]'8 ergs gm'l. On the assumption that one-half of the mass of the star
is eventually converted from hydrogen into helium, the lifetime for the main

sequence gstage of a supermassive star is found to be

T ~ :‘»xlol‘q5 sec w~ 106yr (5)

independent of mass.

III. ENERGY GENERATION IN THE CNO BI-CYCLE
A detalled enalysis of the reaction rates found experimentally for the
interaction of the carbon, nitrogen and oxygen isotopes with protons has been
made by Caughlan and Fomrler.5 They find that the oxygen isotopes have lifetimes

8 o

considerably shorter than lO6 yr for temperatures sbove 0.5 X 10 K which 1is




AR 23e,

%W%@uﬂ

the lower limit of temperatures relevant to hydrogen burning in supermassive
stars. In what follows it will be found that the relevant range falls in the
interval 0.5 to 0.8 x 10° °%k. Thus the bi-cycle, Table I, is fully operative.
They also find that the N]"k(p,r)ol‘5 reaction is the slowest among the
carbon-nitrogen isotopes and that the overall rate of the bi-cycle is essen-
tially determined by the rate of this reaction. When all the.reactions are in

equilibrium, their results yield

- 26 -2/3 -1/3 -1 -1
Eucmo = 1423 X 1077 pxy X)), B on T~ exp (-32.81 Tg ) ergs gm ~ sec (6)

vhere p 1is the density, X0 is the concentration by mass of Nlb,’ T8 =T/ 108 %k

8 o

is the temperature in units of 10° K and Se is the effective cross section

£f
factor for the Nlh(p,'r)Ols reaction in keV-barns. The density is relatively
low at hydrogen burning in supermassive stars and the usual correction for
electron screening can be neglected.

It is also found at equilibrium in the temperature range previously noted
that x,) =~ 0.93 Xcno where XcNo is the fraction by mass of carbon, nitrogen
and oxygen. Hebbard and Baileylh glve the empirical values
Sp = 2.75 * 0.50 keV-barns and (aS/dE) = 0 from an extrapolation to zero
energy of their low energy measurements on Nlh(p,'y). These values yield

8 ~ 2,79 keV-barne and thus

eff

26

-2/3
Cacno ™ 3-19 X 107 pxy X Ty

exp (-32.81 Tél/s) ergs gm-~1 sect (7)

The supermassive stars will be treated as Population I stars and thus
reasonable values for the composition are Xeno = 0.03 and Xg = 0.4k after
some exhaustion of the original hydrogen. In a massive star with polytropic
index n = 3 the density can be expressed‘l'5 in terms of the temperature as
43) 3

-3
p ~ 150(74- T emcm (8)



The substitution of X x... = 0.012 and of Eq. (8) into Eq. (7) yields

~ 4,98 x 10°° <—Nb-) ‘1‘7/3 exp (-32.81 Tél/s) ergs gm-l sec™t (9)

€xcno M/ T8

For the purposes at hand it 1s necessary to express the average energy
generation throughout the star in terms of the central temperature. When the
energy generation can be written as proportional to pu'l 7 <the ratio of
the average energy generation to the central energy generation in a polytrope
of index n = 3 is given bylh

€ 3.2
= = = 0.042 (10)
€ (3u + 8) 72

u

The numerical value has been arrived at by using u = 2 from the p-dependence
and s = 12 as the exponent in the best power law fit to the temperature de-

pendent factors in Eq. (7) in the range 0.5 < T, < 0.8. Thus

8
- o5 (Yo\* 7/3 -1/3 1 -1
€on0 ™ 209 X 10 <Y) Teé exp (-32.81 Tec/ ) ergs gm ~ sec (11)
s (Yo J 15
~2.72 X 10 —M-> ('.rec/o.ss) 0.5 < Tg,< 0.8 (12)

The power law exponent in Eq. (12) includes the dependence of density on
temperature. Tec is the centrel temperature in 108 k.
The average energy generation given by Eq. (11) can now be equated to

the energy required by Eq. (4), i.e.,

€evo = Cams (13)
This gives the result
M 3 20 ,7/3 -1/3
<*‘b> ~ 2,09 x 107 T/ exp (-32.81 Tg /°) (1%)




by which it is possible to calculate the central temperature, T 0’ at which

8
nuclear energy generation th.rtmgh HCNO-burning yields lOs ergs gm-l sec’l on

the average in a supermassive star of mass M. Equation (12) can be employed
to glve the rough approximation

T

8n

M )1/3Q (15)

I 1078 ~ 0.38 (-—-

Y%

The temperature given by the more accurate Eq. (14) is plotted against mass

in Figs. 2 and 3.

IV. STABILITY OF SUPERMASSIVE STARS DURING HYDROGEN BURNING
The stabllity of supermassive stars has been discussed by several

8-13,16-20 1, what follows the discussion will be limited to the

authors.
post-Newtonlan approximation to the general relativistic treatment of the

problem for rotating stars. In this approximation the binding energy Eb

of a star of mass M and radius R 1is given bylz
E 3B, (acm) 2 (2GM) <2GM 2
~ P 3 () 2 (22) . —-—) (16)
- T c= A RSN ) R

where 2(?:14/Rc2 is the characteristic expansion parameter in the general
relativity of spherically symmetric systems with G the gravitational constant
and ¢ the velocity of light. Distortion from spherical symmetry under rota-
tion has been neglected. In thils approximation it is not necessary to dis-
tingulsh between the rest mass of the constituents and the inertial or
gravitational mass of the contracted system measured by an external observer.
Quantities which depend on the polytropic structure are designated by the use
of the polytropic index n as a subscript. Numerical values will be given
for n = 3 on the grounds that this is approximately the minimum index for

convective stability. The ratio of gas pressure to total pressure, gas plus



radiation, averaged throughout the star, is designated by Eg. For the poly-
trope of index n = 3, B is a copstanp throughout the star, and it has been

showﬁls that

t
(;1'5)3> = (uB); = h.ae(%) n=3 (17)
vhere pu 1is the mean molecular weight of the stellar material. With u of
order unity, note that B 1is small for large M.

The coefficient of the negative post-Newtonian, general relativistic
term is of order unity and is designated by ;n. For n = 3, ;5 = 1,265, Kn
18 given in terms of the Newtonian rotational energy YO and the angular velocity

at the periphery we by the equation

K = (2\yO/MR2uR2)% (18)

n

Kh can be determined when the polytropic index is given and the angular velocity
w= w(r) is specified as a function of radius. A model for differential rota-
tion in a polytrope of index n = 3 due to Stoeckly21 has been used in the
calculations discussed here. For this model Igf = 2,47. For uniform rotation

W= and Kn = kn, the radius of gyretion in units of R. For n = 3,

2
3

terms of the critical angular velocity which occurs when centrifugal forces

k, = 0.075. The quantity ah is 8 measure of the amount of rotation in

match gravitational forces at some point in the equatorial plane. In the case
of uniform rotation this first occurs at the periphery and ah' is independent

of n being given by
@ = a = mR/wbR (19)

o = (@5 (20)

For numerical calculations on uniform rotation o =1 will be taken as the

where

limiting caese in the sense that angular momentum loss or transfer to the




external surroundings will limit the rotation to that which corresponds to

this value. In the case of differential rotation, the limit on the angular
velocity occurs at the center and numerical integrations on Stoeckly's model
yield tne limiting value a32
compared with the limit for uniform rotation (Kn:z)\..;2 = (ka)f = 0.075. For no

= 0.456 so that (Ka)sa = 1.125. This is to be

rotation an = 0.
In the post-Newtonian approximation the angular frequency oa of first
order periodic variations in the fundamental mode of radial oscillations is

closely related to the binding energy and is given by

o~
3 ) 3 3 N
2 1/ ¢ n [ 2GM 2 [ 2GM 2@ -2
o =3 <2(}Mk> [2(5_11) < 2> + (Ka)n <'——2> - h§n<——2> sec (21)
n Re Rc Rc

The period of the fundamental mode is given by

L, = 27r/oR sec
(22)
= 2x/86400 oy day
For zero rotation
of ~ - —2 _;32 @ =0 (23)
3k2MR
n
When the term in En is small enough to be neglected
4
2 B, =
g5 = B =0 (24)
R 3k121MR2 n

- The star becomes dynamically unstable when o, Dbecomes imaginary or

R

2
og becomes negative. The role of the negative post-Newtonian term is thus

apparent from Eq. (21). When the dimensionless parameter 2(}1*11,/Rc:2 becomes

2

R will become negative and small perturbations

large enough during contraction, ¢



will become exponentially large rather than periodic in nature. Since EQ
is small for supermassive stars this instability sets in at large radii early
in contraction when there is no rotation. It will be clear that rotation will
postpone the onset of this instability until much smaller radii are reached
and that differential rotation (Kﬁai = 1.,125) will be much more effective in
this regard than uniform rotation (k20> = 0.075).

In order to determine the stability and binding energy during hydrogen
burning and nuclear energy generation, it is necessary to express Eb and GR
in terms of the central temperature. This can be done by using the Newtonian

relation between radius and central temperature of a polytrope which is

M
__2@45 = 2(n+l) — <m_g_ (25)
Re Rnc2 K

where Mh and Rn are constants of integration corresponding to mass and radius
respectively for the Lane-Emden second order differential equation governing
the structure of a polytrope of index n. For the polytrope of index n = 3,

M; = 2.018 and R, = 6.987 80 that Egs. (17) and (25) yield

2M . 2.60 x 10722 (1'@-)
up c

Rc2
' n=3 (26)

= 5.05 x 10°° (%)é Toe

In Eqs. (25) and (26), ® is the gas constant. )
When Eq. (26) is substituted into Eqs. (16) and (21) the results in terms

- of the central temperature, Tec’ in units of 108 °K are

E

b -5 -6 2/ u ¥ 11/ M
~sm~ 1.112X10° T, +1.266x10 " (Ka) —-) T, - 3.236 X 10 MY\ pes  (27)
Mc2 8¢ 3(% 8¢ M, | “8e
02 m 2,64 x105 [ 2) 1.3, 5 951 x 10”5 (k)2 % : 5 -10 ,, b (28)
R . ) Tee +5 k)3 37) Tge - 1.521%10 se N=3 (2




During the contraction Eb reaches a maximm value at the temperature

given by
TBc(Ebmx) - Tc(Ebm) X 10-8
- 1.e56x0" (1) 0/MP+1.728x20° (/M) n=3  (29)

In general this temperature is somewhat less than that at which dynamic in- A

=0 4in Eq. (28) the result is

stability sets in. Setting %R
8

Tec(anso) = Tc(oR=o) X 10~
= 3,913 Xth(Ka)g(Nb/M)%+ 1.718 X 105(%/14) n=3 (30)

For no rotation, Egs. (29) and (30) show that instability sets in when
F’b reaches its maximm value. When rotational effects are large so that the
first terms on the right-hand sides of Egs. (27) and (28) can be neglected,
instability sets in at twice the temperature at which Eb reaches its maximum
value. At this temperature E_=~ O. This means that beyond Tc(Ebmx) a
large amount of internal energy must be supplied if hydrostatic equilibrium
is to be mainteined. If this energy is to be made available from the nuclear
resources of the star, it is necessary that T  be less than Tc(Ebmx). Ir
this is not the case, rapid adiabatic collapse occurs until Tn is reached
at which point rapid nuclear burning takes place in such a way as to lead to
reversal of the collapse and the setting up of large amplitude, non-linear
relaxation oscillations which have been discussed in detail by Fowler.u
Thus in the case of no rotation quasi-stable hydrogen burning through the
CNO bi-cycle can occur at temperatures somewhat in excess of Tc(Ebmx)= Tc(oR=0)
but when rotational effects are large Tn mst not exceed a value intermediate
between Tc(Ebm) and Tc(UR =0Q) =2 Tc(Ebm)‘

These points are illustrated in Figs. 2 and 3 where Tc(Ebm) and

10



T c(GR = 0) are respectively plotted as functions of M/M, with T  also plotted

for comparison. Three cases are plotted

(a) No rotation, oy =0
(v) Maximum uniform rotation, (Ka)g = (ka)g = 0.075

(c) Maximm differential rotation, (Kx)2 = 1.125.

Tt is also of interest to know Eb/Mc:2 and Il as a function of stellar mass at
the temperature at which hydrogen burning occurs. These quantities can be
obtained by substituting Tg ~from Eq. (14) into Egs. (27), (28) and (22).
The results are illustrated in Figs. 4 and 5.

V. CONCIUSIONS

Figures 2 and 3 show that nuclear energy generation through HCNO-burning
occurs under conditlons of stebility up to the following mass limits: for no
rotation, M 5 2 X 105 Lb; for maximum uniform rotation, M < lO7 My; for maximum
differential rotation, M < lO9 }b. In the case of no rotation it has been
ahownll that relaxation oscillations under quasi-stable conditions extend the
limiting mass to M < lO6 M-

Figure 4 shows that the binding energy at the onset of nuclear energy
generation is quite small except for M > 108 lvb in the case of differential
rotation. In this case the binding energy reaches slightly over one per cent
of the rest mass energy and is thus greater than the total nuclear energy of
the star. For all masses the binding energy reaches a maximum which can be
determined by the substitution of Eq. (29) into Eq. (27). This maximum 1is

usually reached upcn further contraction after the termination of nuclear




burning and is given by

E™* (@) + 3B /(5-n))

~ (31)
Mc2 thn
In the case of maximum differential rotation for n = 3 this yields
Ebmax .
5~ =~ 0.016 (x'a)2 =1.125, n = 3 (32)

Mc

Thus in the case of maximum differential rotation the binding energy eventually
becomes 1.6 per cent of the rest mass energy. Since this energy must be lost
by the star, it represents a substantial contribution to the energy availsable
for light and radio emission.

Figure 5 indicates that the period of small radial oscillations during
hydrogen burning falls in the range from 1 to 20 days. It must be borne in
mind, however, that the pulsations set up by the onset of nuclear burning will
e very non-linear. The periods required for the transfer of energy to the
surface and for the emission therefrom will be the order of years rather than

days. The observed light curves should show variations characteristic of a

wide ranre of frequencies corresponding to periods from a few days to tens of

years. This may already have been observed22 in the quasi-stellar radio source,
3C 273.
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Figure Captions

Fig. 1. Average energy generation fhroughout a star in ergs per gram-second
. as & function of central temperature for the p-p chain end the CNO bi-
cycle. The central density is taken as p = 100 g/cms, and the
hydrogen concentration by weight as Xy = 0.50. Conce_ntrations of
C, N, and O by weight as given are those for a typical Population I

star. The age of the star is taken to be 4.5 X 109 years. The

points of inflection in the p-p chain arise from the onset of the
indicated interactions. Similarly C, N, and O are successively
involved in the CNO cycle. Note that the sun and the cool stars

operate on the p-p chain; hot stars operate on the CNO cycle.

Fig. 2. The temperature, Tc(Ebmx) , at which the binding energy reaches
its maximum value plotted as a function of stellar mass for three
cases: no rotation, maximum uniform rotation, and maximm
differential rotation. The temperature, Tn’ required for the

operation of the CNO bi-cycle is shown for comparison.

Fig. 3. The temperature, Tc(aR = 0), at which dynamic instability sets in
plotted as a function of stellar mass for three cases: no rota-
tion, maximum uniform rotation, and maximum differential rotation.
The temperature, Tn’ required for the operation of the CNO

bi-cyecle is shown for camparison.

Fig. 4. The binding energy at the onset of nuclear energy generation
through HCNO-burning plotted as a function of stellar mass for
three cases: no rotation, maximum uniform rotation, and maximum

differential rotation.

L



Figo 5.

The period in days of small, linear oscillations during nuclear
energy generation through HCNO-burning plotted as a function of
stellar mass for three cases: no rotation, maximmm uniform
rotation, and maximm differential rotation. The periods
indicated in this plot do not hold for the large amplitude,
non-linear relaxation oscillations discussed in the text. For
such osclllations the periods are a few years rather than a

few days.
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